Exact estimation of an approximation of some classes of 
differentiable functions by convolution operators 



Abstract. Nikol'skii known theorem for the kernels satisfying a condition A*, is 
proved and for kernels from wider class. Explicit formulas for calculating the value of 
an approximation of classes W^'^ by convolution operators of special form are obtained. 
Here /3 G Z, r > 0, n G N, and p = 1 ot p = oo. As particular cases obtained explicit 
formulas for value of an approximation of the indicated classes generalized Abel-Poisson 
means, biharmonic operators of Poisson, Cesaro and Riesz means. In some cases for value 
of an approximation of the indicated classes asymptotic expansions on parameter are 
O I found. In case of natural r some results have been obtained in works Nikol'skii, Nagy, 
Timan, Telyakovskii, Baskakov, Falaleev, Kharkevich and other mathematicians. 
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. ToHHaa oii,eHKa npH6jiH:a<:eHHa neKOTopbix KJiaccoB 

^ ! ^H4)4)epeHi],HpyeMijix 4)yHKi],HH CBepTOHHbiMH onepaxopaMH 

rn 
O , 

O . AHHOTaLi,H5i. HsBecTHaa xeopcMa HnKOJibCKoro j^jis iiflfip, y^^oBjiexBoparomux ycjio- 

BHio A* , ^OKasana h ^jia a^ep us 6ojiee mnpoKoro Kjiacca. nojiyneHBi hbubic cJ)opMyjit.i 

flJI3 Bt.IHHCJieHH3 BejIHHHHBI npuGjIHJKeHHH KJiaCCOB W^^ CBepTOHHblMH OHCpaTOpaMH 

^ ' cnen;HajiBHoro BH^a. S^ect /3g Z, r> 0, nG N, ap = l hjih p = oo. Kax nacTHbie 
■ cjiynaH nojiynaioTca 3BHt.ie cJaopMyjibi fljia BejiHiHUbi npuGjiHJKeHHH yKaaauHBix KjiaccoB 
o6o6iri;eHHi.iMH cpeflUHMH AGejis-IIyaccoHa, GHrapMOHUHecKHMu onepaxopaMH Ilyaccona, 
cpeflHHMH Pncca h Hesapo. B HCKOTopbix cjiynaax ^jia BejiHHHHbi npnGjinjKeHHH yxa- 
saHHbix KjiaccoB HaH;i,eHL.i acHMHTOTHHecKHe pasjiojKeHHH no napaMCTpy. B cjiynae na- 
xypajiBHoro r neKOTopbie pesyjibTaxbi Gbijih nojiyneHbi b paGoTax HnKOjibCKoro, Ha^a, 
THMana, TejiaKOBCKoro, BacKaKOBa, OajiajiecBa, XapKCBHHa h ^pyrnx MaxeMaxHROB. 

KjiioHeBbie cjioBa: xeopena HnKOJibCKoro, npnGjinaceHne KjiaccoB (|)yHKn;HH, cpe^i,- 
HHe AGejiH-IIyaccoHa, GnrapMOHHHecKHe onepaxopbi Hyaccona, cpe;i,HHe Pncca n Hesapo, 
acHMnxoxHHecKoe pasjioacenne, KpaxHO MOHOxoHHaa 4)yHKn;Ha, (jDyHKn;H5i rypBHn,a. 

B.n. SacxaBHbiH 
^OHen;KHH Han;HOHajibHt.iH yuHBepcHxex 
yHHBepcHxexcKaa, 24 
/I,OHen,K, 34001, YKpaHHa 
zastavn@rambler.ru 



ToHHan oi^eHKa npH6jiH>KeHH5i neKOTopbix KjiaccoB 

^H(J)4)epeH]HHpyeMbIX cJ)yHKII,HH CBepTOHHblMH 

onepaTopaMH 

B. n. SacTaBHbiii 



1 BBe^GHHe 

HycTb Lp = Lp(— 7r,7r), 1 < p < oo, Kjiaccbi 27r-nepHo;i,HHecKHX Beiii;ecTBeHH03HaHHt.ix 

H3MepHMt>IX (|)yHKLI,HH C KOHeHHOH HOpMOH = [ J^^ 1/(^)1^'^''') ^pH 1 < J) < OO H 

ll/lloo = esssup{|/()f:)| : t E [— 7r,7r]}. Ko34)4)Hn;HeHTL.i Oypbe 4)yHKn;HH if E Li onpe^e- 
JIJIIOTC3 no 4)opMyjie 



(p(k) = — [ f{t)e-'^' dt,keZ 
2n J 



IlyCTb Tn - MHOJKeCTBO TpHrOHOMexpHHeCKHX nOJIHHOMOB BH^a 



n-1 



Tn = l— + Ofc COS kt + sin kt : a^, G M /■ , G N 

k=l 



H = {ipeLp-. \\ip\\p < 1}, = e : ip{k) = , \k\ < n - 1 ,k e Z}, n e n. 
OneBH^no Hp~^^ C Hp npn Bcex s G Z+ n HpLTn, n eN. 
Ho (|)ynKn,HH K & Li onpe^ejinM Kjiacc (j3ynKn;HH Wp„(if): 

(1.1) Wp^^iK) := = * K){x) -■=^} - dt,^eH;'^ ,neZ+, 

OneBH^no Wp^s+i{K) C Wp^s(i^) npn Bcex s G Zj^. HsBecxno, nxo Wp^n{K) C Lp npn 
Bcex 1 < p < oo, a ecjin p = oo hjih K G Lqo, to Wp„(i^) C (cm., nanpnMep, [H 

rji. 4]). 

Hanjiynmee npnGjiHJKenne 4)ynKn;HH / TpHronoMeTpnnecKHMH nojinnoMaMH onpe^e- 
jiHexcH no (|)opMyjie 

E4f)p =mf \\f-T\\p,neN. 

HsBecxno, nxo (cm., nanpnMep, [U (4.20), (4.24), (4.23)]) npn 1 < p < oo cnpaBefljiHBbi 
cooxnomenna 

(1.2) sup E4f)p= sup \\f\\p,<^E4K)i,neN,- + ^ = l, 
/GWp,o(i^) /eWj,,_„(/r) 27r p p 

(1.3) sup K(/)i= sup ||/|U = 7^KWi, ^eN. 

/eWi,o(/^) /GWoo,n(i^) 
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OnPEflEJiEHHE 1.1. FoBopHT, HTo (|)yHKij,H3 K G Li y;i,oBjieTBopaeT ycjioBHio Hhkojib- 
CKoro A*, G N, ecjiH cymecTByioT HaTypajibHoe > n h TpHroHOMexpHHecKHH no- 
jiHHOM T* E Tn TaKHe, HTO (|)yHKn;HH v^*(t) = sign{K{t) — T*{t)) hohth bcio;i,j|3 
BbinojiHaexca paBencxBO + Ti/n^) = — 

Teopema 1.1 (Hhkojibckhh (1946) |2]). Ecau npu neKomopoM n G N sidpo K E Li 
ydoejiemeopsiem ycAoeum A* u uoauhom T* E Tn us amoso ycAoeusi, mo Bar ecex s = 
0,1, ... ,n UMemm Mecmo coomHomeHusi 

(1.4) sup EnU)oo= sup \\f\\^ = ^En{K\ = ^\\K~T*\\^, 
f&^ooAK) few (K) 

(1.5) sup En{f)i= sup \\f\\, = ^En{K\ = ^\\K-T*\\,. 

TeopeMe HuKojitcKoro npeflinecTBOBajiu HccjieflOBaHua KojiMoropoBa, OaBapa, Axh- 
esepa, Kpeflna, Ha^a (6ojiee noflpoGno cm. j2]). 

OnPEflEJIEHHE 1.2. Mbi roBopHM, HTO (|)yHKu;Ha K E Li y^oBjieTBopaeT ycjiOBHio 5*, 
n G N, ecjiH cymecTByioT TpuroHOMeTpHHecKHtt nojiHHOM T* E Tn, (J)yHKn,H3 cp^ E Loo H 
HaTypajiBHoe > n xaKne, hto hohth Boopy BbinojiHaioTca cooTHomeuHH |v5*(t)| < 1, 
^,{t){K{t) - T*{t)) = \K{t) - T*{t)\ H ip,{t + Ti/n,) = -ip,{t). 

EcjiH 3;i,po K y^oBjieTBopaex A* ycjioBHio, to oho y^^oBjiexBopaex h B* ycjiOBUio. 06- 
paTHoe, BooGme roBopa, ne Bepno (cm. BaMeqaHue I2.2p . Otmcthm, hto b ycjiOBUu B*, b 

OTJIHHHH OT yCJIOBH3 y4* , HaM HC BaJKHO Ha KaKOM MHOJKCCTBe (uyjieBOH HJIH nOJIOJKHTejIb- 

HOH Mepbi) oGpamaeTca b hojib paanocTB K{t) — T*{t). B § [2];];aHHOH paGoxbi TcopcMa 
HnKOJibCKoro ;i,oKa3aHa sjiep, KOToptie y^^oBjiexBopaioT Gojiee oGmeMy ycjioBHio B*. 
HpHBe^eHBi KaK HSBccTHbie npHMcpbi TaKHx a^ep (a^pa Ha^a ^ l3|) xaK h hobbic. 

B § [3] paccMaxpHBaexcs cjie^yiomaa aa^ana o npuGjiujKeHHH KjiaccoB (J)yHKi];HH cBcp- 
TOHHbiMH onepaxopaMH. Hycxb ip,gELiVil<p< oo. Ho 4)yHKii;HH g E Li onpe^ejiHM 
onepaxop 

(1.6) G(/)(x) -.= ^1 fix - t)git) dt, fE Wp,„(z^) . 

— TT 

OHeBHflHO 

7r 

(1.7) fix) - Gif)ix) = i- y y,(x - t)Kit) dt, fE W,^M , 

— TT 

r^e (f - cooTBeTCTByiomas (^yHKi];H55 h3 (cm. fll.lp ). a 

(1.8) Kix) = ^Ijix) - ii; * g)ix) E L, ; Kix) ~ ^^(fc)(l - ?(A;))e^'=^ . 

k 

Ohcbh^ho / — Gif) E Lp ^jiH jiio6oii / G Wp^nii'), a ecjiH p = oo hjih ip E L^o, xo 
/ — Gif) E G{M). HosxoMy npn 1 < q < p < oo hmccx cmbicji cjie^yiomaa BejiuHHua 
(npH6jiH>KeHHe Kjiacca Wp „('^) onepaxopoM G) 



;i.9) EiWp^ni^)-G),:= sup \\f-Gif)\\,= sup ,„ ,„ . 

/eWj,,„(,/.) /gWp,„(i4-) 



^3flecb H flajiee iioj\ noumu ecmdy mm no^paayMeBacM hohth BCiofly OTHOCHTejibHO Mepti JIe6era. 
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Hs (ll.3p BMTeKaeT paBencTBo 

EcjiH ^onojiHHxejibHO ^jih a^pa K & Li BbinojiHeno ycjioBHe B*, to (cm. xeopeMy I2.ip 
cnpaBe^jiHBBi paBCHcxBa 

^(W„o,„(^);G)oo = ^(Wi,„(V^);G')i = = ^ ||ir-r*||i . 

B KanecTBe (|)yHKij,HH ip 6epeM 

(1.10) ^.,,(t) = $^ 6^^=* = ^ r>0, /3GM. 

fc^O ' ' fc=l 

Otmcthm, hto npH r = 1 cnpaBe;];jiHBO paBCHCTBO (cm., nanpHMcp, [4t rji. I, § 2]) 

(1.11) ^lA't) = -2 cos — In (2 sin - ) + sin — (tt - t) , < t < 27r . 

HsBecTHo, HTo ^/'r^^ G Li (cm., nanpHMcp, [H rji. V] hjih [5l rji. 7]). B stom cjiynae 
nojiynaiOTca xopomo nsBCCTHbie Kjiaccbi W^'^ := ^pAipr,^)- B nacTHbix cjiyiaax, Kor;];a 

n = 1, (3 = r HJIH /3 = r + 1, nojiynaiOTca Kjiaccbi PV^ := h PV^ := 

B § 13.11 ccjDopMyjiHpoBaHbi o6iii;He xeopeMbi o BBinncjienHH BejiHHHHbi ii^(Wp'{[; G)p b 
cjiynae, Kor^a /3 G Z, p = 1 hjih p = oo, a onepaTop G = Gq,,^ b (11. 6p nopo>K;];eH (J)yHKii,HeH 

= ga,Si P3fl Oypte KOTOpOH HMcex BH^i; 

(1.12) g^^s{t) ~ ^(I^r^)e*'* , a > , 5 > . 

S^ecb h{t) HCKOTopaa (|)yHKi];H5i, sa^aHHaa npn t > 0. Ecjih /i(t) = e~*, to nojiynaeM 
onepaxopti AGejia-IIyaccoHa. Ecjih h{t) = (1 — 1)+, /i > 0, to nojiynaeM cpeflnne Pnccaj^ 
B § 13.21 ccJiopMyjiHpoBaHbi o6in;He xeopeMbi o bbihhcjichhh BejiHHHHBi £'(Wp'{(; G)p b 
cjiynae, Kor;];a /3 G Z, p = 1 hjih p = oo, a onepaxop G = Ga,5,-y b (11. 6p nopoacflen 
4)yHKii;HeH (7 = g 0,5,-^1 P^a Oypbe KOTopoii HMeeT bh^ 

(1.13) gc.Aiit) ~ + \k\'"h)h{\kV^y^' ,a>0,5>0,7GM. 

fcez 

Ecjih h{t) = e"*, a = l, 5>0h7=(1- e-2^)/(25), TO HOJiynacM 6HrapMOHHHecKHH 
onepaTop HyaccoHa. 

B § 13.31 jjig /3 G Z, p = 1 HJIH p = 00, HOJiyHCHbi TOHHtie anaHeHHii npnGjiHJKeHHs 
KjiaccoB Wp'^^ onepaTopaMH Ga,5,'y, Kor^a h{t) = e~*, h(t) = (1 + t)~^, h(t) = (1 — t)'^, 
/i > 0. B nepBbix ^Byx cjiynaax ^jia bcjihhhh £'(Wp'^; Ga,s)p Hafl^eHbi acHMHTOTHHecKHC 
pasjiojKeHHa no CTenenaM 5. 

B § 13.41 jjig /3 G Z, p = 1 HJIH p = 00, nojiyHCHbi TOHHbie sHaneHHa npH6j[H>KeHH5i 
KjiaccoB Wp"^ cpe^HHMH Heaapo cr^ , npn a > 1 , a b § 13.51 nojiynenbi TOHHtie snaneHHa 
npH6jiH>KeHH3 3THX KjiaccoB cpe^HHMH THHa Pncca H Heaapo. 

B § m ;i,OKa3aHt.i BcnoMoraTejiBHbie yTBepac^^ennji. B § |5] npHBC^^enbi ^^OKasaTCjibCTBa 
TeOpCM H3 § 13.11 H § 13.21 



^3flecb H flajiee i+ = ecjiH t > h t+ = 0, ecjiH i < 0. 
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2 HaHJiyHinee npH6jiH:aceHHe na KJiaccax CBepTOK 



2.1 TeopeMa HnKOJiBCKoro p^Jisi a^ep c ycjiOBHeM 5* 

JIemma 2.1. UpednoAOCHCUM, umo npu ueKomopoM n G N Sah sidpa K & Li cyvu^ecmeymm 
mpmoHOMempuHecKuu uoauhom T* & Tn u (pyHKV^UH G L^o maKue, umo ip^-LTn u 
coomHomeHUfi \ip^{t)\ <lu (f^{t){K{t) — T*{t)) = \K(t) — T*{t)\ eunoAHSitomcsi nonmu 
ecjody na (— vr, tt). Tosda En{K)i = \\K — T*||i. 

/loKasaxejibCTBo BMTeKaeT h3 cjieflyiomnx oneBH^Hbix cooTHomeHHtt, cnpaBefljiHBbix 
fljia Bcex T G Tn- 



To, HTo ycjioBH3 B jicMMe 12.11 3Bji5iioTca H HeoGxoflHMBiMH fljiH 3jieMeHTa HaHjiyHinero 
npH6jiH>KeHHa, flOKasano b [6l Teopeivia 5.2.5]. 

3AMEHAHHE 2.1. IlycTB ^jiH Hflpa K BBinojiHeHo ycjioBne B*, a nojiHHOM T* G Tn, 
(|)yHKn;Ha (f^, G L^o h HaxypajibHoe > n h3 3Toro ycjioBHH. Ha nepaBencTBa n* > n h 
ycjioBHa ip^{t + TT/n^) = —Lp^,{t) BtixeKaex, hto 4)yHKn;H5i opxoroHajibHa MHoroHjienaM 
H3 Tn- Tor^a H3 jieMMbi [2?T] BBixeKaex paBencxBo En{K)i = — T*||i. 

Dphmep 2.1. Ilycxb 4)yHKii;Ha K & Li npn HCKOxopbix SHaneHHax a,A E 6 E 
(0,7r/(2n)], n E N, y^oBjiexBopaex ycjiOBH3M: K{t) = A noHXH Bciofly na (— vr + a, tt + 
a) \ {a — 6, a + 6) h K{t) > A (hjih K{t) < A) hohxh Bcio^y na {a — 6, a + 6). Tor^a K 
oneBH^HO yflOBjiexBopaex ycjiOBHio B* c n* = n, T* = A, (f^,{t) = sign(cosn(t — a)) (hjih 
f*(t) = — sign(cosn(t — a))) h, snannx, En{K)i = | — T*| |i. 

B KanecxBe npocxoro npHMepa paccMoxpHM (|)yHKn;Hio K{t) = Xh{t), t G (— 7r,7r), r^e 
Xh - xapaKxepHCXHHecKaa cJayHKi^HS HHxepBajia {—h, h),0 < h < n. Ecjih < h < 7i/{2n), 
n G N, xo En{K)i = 2h (cm. npHMeplOnpn a = A = 0, 5 = h). Ecjih < n-h < 7r/(2n), 
n G N, xo En{K)i = 2(7r — h) (cm. npHMcp 12.11 npn a = n, A = 1, 6 = n — h). Jlpjroe 
;];oKa3axejit>cxBo 3xhx paBencxB, ocHOBaHHoe na ^^bohcxbchhocxh, co;];ep>KHxca b pa6oxe [7j 
(cm. xaKJKc jSl § 5]). 

Teopema 2.1. IJpednoAoofcuM, nmo npu neKomopoM n E N Bah fidpa K E Li eunoAHeno 
ycAoeue B^, a uoauhom T* E Tn u3 amoeo ycAoeuH. Todda Oah ecex s = 0,1,..., n 
cnpaeedAueu paeencmea (11. 4p u (ll.5p . 

3AMEHAHHE 2.2. EcjiH H^po K yflOBjiexBopaex A* ycjioBHio, xo oho y^oBjiexBopaex h 
5* ycjioBHio. OGpaxHoe, Boo6in;e roBopa, ne Bcpno. Ycjiobhc A* mojkcx hc BbiHOJiHHXbca 
B cjiynae, Kor^a H^po K{t) coBna^aex c hojihhomom HaHjiynmero npnGjinaceHHa b Li na 
MHOJKCcxBe nojioJKHxejiBHOH Mcpti. HaHpHMcp, (|)yHKn;H5i K{t) = {a — t E (— 7r,7r) 

HpH < a < 7r/(2n), n E N, ohcbh^ho y^oBjiexBopaex ycjioBHio B* npn T* = 0, = n h 
^p^.{t) = sign ( COS nt). Ecjih Hpe^HOjroJKHXb, hxo 4)yHKn;H3 K{t) y^^oBjiexBopaex ycjiOBHio 

y4* C HCKOXOpblM MHOrOHJICHOM G 7^, XO B CHJiy XCOpCMBI /I,>KeKCOHa O e;i,HHCXBeH- 

HocxH MHoroHjiena HaHjiynmero HpnGjinxceHHa b Li fl^jis HeHpepbiBHbix (|)yHKn;HH (cm., 
HanpHMcp, [S], [TU| § 49], [IP, § 2.4]) HOjiynnM, hxo T = T* . ToTf\s, (|)yHKn;HH signi^'(t) 
^ojiacHa Gbixt. opxoronajibHa MHoroHjienaM hs 7^, ho j^^ signi^'(t) dt = 2a ^ 0. HosxoMy 
4)yHKii;H5i K{t) He y^oBjiexBopaex ycjioBHio A*. Hexpy^Ho noKaaaxt, hxo jiioGoe nenpe- 
pbiBHoe sflpo, Koxopoe y^oBjiexBopsex ycjiOBHio A*, mojkho HcnpaBHXb na MHOJKCcxBe 
nojTOJKHxejiBHOH Mept.1 xaK, hxo6l.i HcnpaBjieHHoe a^po y^oBjiexBopajio ycjioBHio S*, ho 
He y^oBjiexBopHjio ycjioBHio A*. 



K-T* 




1 ■ 
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^OKASATEJlbCTBO TEOPEMbi 12.11 HycTb fl^jisL ajjpa K BbinojiHeHo ycjioBHe 5*, a 
nojiHHOM T* G Tni (|)yHKn;H5i if^ G Lao H HaTypajibHoe ra^, > n hs stoto ycjioBHa. B 
CHJiy saMeHaHHH 12.11 3;i,po y^^oBjieTBopHex ycjioBHHM jieMMbi 12.11 /],oKa>KeM cHanajia 

paBCHCTBa 

(2.1) 

sup i?„(/)oo= sup ||/||i= sup ||/|U=^K(K)i = ^||K-r*||i. 

^OKasaxejibCTBO tohho xaKoe ace KaK h cooTBexcTByiomee ^^OKasaxejibCTBO b xeopeMe 
HHKOjibCKoro B TeopeMa 4.3.3]. Tax KaK nocjie;i,OBaTejibHocTb, cToamaa b jieBofl na- 
CTH (12. ip OHeBH^HO yGbiBaex no s G Z+ , to b CHjiy jieMMti 12.11 u cooTHomeHUH (II. 2p npu 
p = oo H (ll.3p ^ocxaxoHHo ^oKaaaxb HepaBencxBo 

(2.2) sup En{f)oo>^Er,{K\. 

EcjiH En{K)i = 0, xo HepaBeHCXBO oneBH^^HO. IIosxoMy CHUxaeM En{K)i > 0. 
BepeM (j3yHKii,HK) 

7r 7r 

(2.3) /,(x) := 7^ /" ^*(t - x)K(t) dt = ^ [ if^it - x){K{t) - T*{t)) dt . 

Ztx J In J 

— TT — 7r 

Ohcbh^ho G Woo,n(-f^) c 4)yHKn;HeH (p(t) = ip^{—t) G H^^ h G C(R). KpoMe xoro, 
(|)yHKn;Ha HMeex nepno;]; 27r/n^, h Bcex a; G M BbinojinaioxcH cooxHomeHHH 

TT 

|/*(x)|</*(0) = ;l / \K{t)-T*{t)\dt = ^E^iK)^ ■ /,(x + 7rK) = -/,(x). 

— TT 

HoaxoMy /* {nj/n^,) = (— 1)-'/*(0) = (— l)"'||/*||c npn Bcex j G Z. TaKHM o6pa30M d^jHK- 
n;H5i B xoHKax vrj'/n^,, j G Z, npnuHMaex HanGojibmee no aGcojiioxHOH BejiHHHne snane- 
UHH, nocjie^OBaxejibno Menaa snaK. TaK KaK > n, xo sxnx xoneK na [— vr, vr) ne Mentme 
2n H no xeopeMe HeGtimeBa (cm., nanpnMep, fT| § 3.2] hjih [6^, § 5.3]) 

En{f*)oo = En{f*)c = \ \f*\\c = 7^- En{K)i . 

ATT 

HepaBencxBo (12. 2p ^^oKasano n, snannx, ;i,oKa3ant.i paBencxBa (12. ip . 

JXajiee xonno xaK ace KaK n b [H TeopeMa 4.3.3] mojkuo ^^oKasaxb, hxo (cm. ^oKasa- 
xejibcxBO nepaBencxBa (4.32) ns fT]) 

sup E„{f)i > ^ EniK)i . 
/eWi,„(/f) 27r 

Oxcio^a, ynnxBiBaa paBencxBo (II. 3p . BtixcKaex, nxo ^jia Bcex s = 0, 1, . . . , n cnpaBefljiHBbi 
paBencxBa 

(2.4) sup E„(/)i = ^E4K), = ^\\K-T*\\i. 

/6Wi,,{i^) 27r 27T 

TeopeMa 12.11 ^^oKasana. 
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3AMEHAHHE 2.3. EcjiH p^Be (|)yHKij;HH Ki, K2 E Li coBna;i,aioT hohth Bcvaj^^ h (|)yHKii;H5i 

Ki npH HeKOTOpOM n G N y;i,OBJieTBOp3eT yCJIOBHIO i?*, to H (|)yHKII,H5I i^r2, OHeBHflHO, 

y;];oBjieTBopHeT sxoMy ycjioBHio. 

Hccjie^oBaHHH HaHJiyHinnx npH6jiH>KeHHH na Kjiaccax cBepxoK xpHroHOMexpHHecKH- 
MH nojiHHOMaMH co^ep>Kaxc3, HanpHMep, b paGoxax ^aa^biKa [T^ IT5] . CxeHKHna |14] . 
E(|)HMOBa |15) . CyHB lOH-meHs [16] , CxeHKHna h TejiHKOBCKoro [T7], Moxopnoro |18], 
IIIeBaji^HHa [19], Cep^ioKa j20], HoKpoBCKoro [21j. Oxmcxkm xaxjKe oGaop TejisKOBCKo- 
ro [22], paGoxbi BaGenKo h KpaKHna [HE] o npnGjiHJKeHHH xapaKxepncxKHecKofl (|)yHKij,HH 
HHxepBajia. Bo Bcex yKasanHbix paGoxax HSJioxcena ncxopHH Bonpoca h HMeexca Gojibuioh 
CHHCOK jiHxepaxypbi no sxon xeMaxHKe. 

2.2 IIpHMepfai H^ep c ycjiOBHeM 5* 

ripe^nojioJKHM, nxo npn neKoxopoM n G N j\Jiii K E Li Bbinojineno ycjiOBne B* c 

neKoxopoii 4)ynKn;HeH G Lqo h 

00 +00 
^i't) ~ ^ + ^ /ifc cos /ct + Afc sin H = ^ CfcC*''* , 

A:=l fc=— 00 



00 

ikt 



~ ^ + /ifc COS H + Afc sin /ct = c^e 

k=l k=—co 



ToTfl^a /io = Co = 0. TaK xax cBcpxxa * K, rj^e ip{t) = t), nenpepbiBna na M, xo 
cpeflHHe apH(|)MexHHecKHe ee pa^a Oypbe cxo^^axca k nefl paBHOMepno na M. HosxoMy 



1 _ 1 
2^ 

(2.5) 



TT 

= — / ^,{t - x)K{t) dt = lim V CkC.k I 1 - — ) 



k=—m 
z=0 



lim l^kl^k + AfcAfc A _ ^ ^ _ /^fe/^fc + ^k^k 



fc=l ^ ^ k=\ 

Hocjie^Hee paBencxBO b f l2.5p cnpaBe^JiHBO, ecjin pafl cxo^nxca. 

3AMEHAHHE 2.4. TaK KaK G Li, xo (cm. [31 rji. II, TeopeMa 8.7]) cxo^^hxch paBHOMepno 
na M pa^ 

/iyt sin /cx — Ajfc cos kx 



E 



A; 
fc=i 



IIosxoMy 3XOX ps^i; aBjiaexca pa/i;oM Oypbe CBoeii cyMMbi S{x) G C(M) h, anaHHX, npn 
jiioGoM n G N pa^ Oypbe (|)yHKn;HH F(x) = X]p=o^(~l)'^'5'(a: + p7r/n) cxoflHxca paBHOMep- 
no na R. Pa^ Oypbe (|)yHKn;HH F jiexKO BBinncjiaexca (anajiornHHO KaK b [U rji. II, § 1]). 



nycxB T„(t) = (-l)^e^''*- Tow 

F(x) = J] 5(A;)T„ e''^" = 2r2 J] 5((2p + l)n)e'(2p+i)nx 

°° /Lt(2p+i)n sin(2p + l)nx - A(2p+i)n cos(2p + \)nx 



2p + 1 

p=0 ^ 
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riojiaraa x = r x = tc/ {2n), nojiyiaeM cxo;i,HMOCTb ;i,Byx psiflpB: 



2k + 1 ' ^ 2k + 1 

k=0 k=0 

ITphmep 2.2. EcjiH ^jih a^pa K E Li ycjiOBne B* BbinojiHeHO c (|)yHKii;HeH; 

4 sin(2fc + l)nt 
if^it) = sign(smnt) = - 2^ 2kTl ' 

fc=0 

TO H3 TeopeML.1 12.11 cooTHomeHHs (12. 5p h saMeiaHHa 12.41 BbiTCKaeT paBencTBo 

(2.6) sup ||/|U= sup \\f\\i = ^E4K), = -Y,^^^ 

/ew^,„(x) /ewi,„(i^) 27r tt ^ 2A; + 1 



k=0 

i) 3tot cjiynafi peajiHsyexca, nanpHMep, ^Jia 5i;];ep Ha^a [21 13] ii' G Li Bu^a 



(2.7) ir(t) ~ ^ Afc sin H , 



k=l 



r^e nocjie^oBaxejiBHocTB {AfcjfcgN yGbiBaex k nyjiio h BbinyKjia bhhs (x.e. A^ — 2Afc+i + 
Afc+2 > npH Bcex A; G N). Tax KaK G Li, xo cxo^Hxca pa^ Yl^=i^k/k (cm. aane- 
HaHHe[231npH x = 0). B sxom cjiynae (^a>Ke 6e3 npe^nojioaceHua BbinyKjiocxu) cyMMa 
pH^a (12. 7p K G Li C(0, 27r) h pa;]; (12. 7p aBjiaexca p5i;];oM Oypt>e ^Jia K, a nacxHtie 
cyMMBi pa^a (12. 7p cxo^axca b Li k (|)yHKn;HH (cm., nanpuMep, [S] § 7.3]). Ha nojiHoxti 
xpHroHOMCxpHHecKOH CHCxcMBi BbixcKaex, Hxo -ft'(t) = -ftr(t) npH noHXH Bcex t G (— 7r,7r). 
B pa6oxe [3,, § 2] (cm. xaxjKe |2j § 7]) noKasano, hxo npn jiio6om n G N cymecxByex 
HeHexHbiii nojiuHOM T* G 7^ xaKoii, hxo npn Bcex t G (— vr, tt) BtmojiHaexca nepaBencxBO 
sinnt {K{t) — T*{t)) > (npHBefleHHoe b [3] ^oKasaxejibcxBo sxoro cJiaKxa hojiojkh- 
xejiBHbix Afc BepHo h ^jih HeoxpHii;axejii>Hbix A^). HoaxoMy ^jia a^pa K, h, auanHx, ^jia 
npH JI1060M n G N BbinojiHeHO ycjioBHe B* c (|)yHKn;HeH v'*(t) = sign(sinnt). B sxom 
cjiynae paBcncxBO (12. 6 P cnpaBe;i,JiHBO npn Bcex n G N. 

ii) HpH n = 1 3XOX cjiynafi peajiHsyexca xaxace h ;];ji5I a^ep K E Li Bw^f\a. (12. 7p . r;];e 
Afc > 0, A; G N, a nocjie;i,oBaxejit.Hocxb {/cAfcjfcgN y6biBaex. Tor^a cxo^hxch pa^i; Afc/A;. 
HosxoMy cyMMa pa^a (12. 7p G Li C(0, 27r) h pa^ (12. 7p sbjiscxch pa^oM Oypbe ^Jia i^, 
a HacxHbie cyMMti a^i pa^a (12. 7p cxo;];3xch b Li k (|)yHKn;HH i^' h -^(^) = K{t) npn hohxh 
Bcex t G (— vr, vr). KpoMe xoro (Tm{t) > npn Bcex m G N h t G (0, vr) (cm., nanpHMcp, [23j). 
Oxcio^a cjie^yex, hxo sign(sin t) i^'(t) > npn Bcex t G (— 7r,7r). HosxoMy H;i,pa fC, 
H, 3HaHHX, fljia iT, BbinojiHeHO ycjiOBHe B^ c (|)yHKij,HeH (y5*(t) = sign(sint) h T* = 0. B 
3XOM cjiynae paBcncxBo (12. 6 p cnpaBe;];jiHBo npn n = 1. 

iii) HpH n = 1 sxox cjiynafl peajiusyexcH xaKJKc h sj^ep K = Kr E Li Bw^j^a. (12. 7p . 
r^e Afc = c (1 — h'k)/k^ , k E N, r = 1 hjih r > 2, a {z/fc}^g xaxaa nocjie;];oBaxejibHocxb, hxo 
pH^i; i^o/2 + YlT=i cos fct HBjiaexcH piif\OM Oypte 4)yHKn;HH G Li h S'(t) > j\Jiii hohxh 
Bcex t E 'a < 1. Tax KaK En{cK)i = \c\En{K)i, xo ^jih npocxoxBi paccyac^^cHHii 
CHHxaeM c = 1. Hycxb 

00 _ 

(2.8) ir,(t)~5^^^sinH. 

fc=i 
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EcjiH r > 1, TO psfl^ (12. 8p cxo;];htch paBHOMepno k (|)yHKij;HH Kr € C(]R) h, snanHT, 
3TOT pH^ HBjiaexca pa^oM Oypbe cBoefi cyMMt.1. HoaTOMy Kr{t) = Kr{t) npn hohth Bcex 
t G (-7r,7r). 

HycTb r = 1. B stom cjiynae 

oo . , oo 

/ N sm kt v-^ J^k 

(2.9) ^iW-E^-Ef 

fc=i fc=i 

nepBbiH psji B (12. 9p siBjiaeTcs pa^oM Oypte cBoefi cyMMbi, Koxopaa npn t G (0, 27r) paBHa 
(vr — t)/2. BxopoH psp^ cxoj^iTCSL paBHOMepno na M k (|)yHKi];HH F{t) = Jq{S{x) — vq/2) dx 
(cm. |3l rji. II, TeopeMbi 2.5 h 8.7]) h, snanHT, stot pa^i; SBjiaexca p3;];oM Oypbe CBoefl 
cyMMbi F{t). HosTOMy cyMMa pa^a (12. 9p i^i G C(0, 27r), a pa^ (12. 9 P aBjiaexca pa^oM 

Oypbe Ki H, 3HaHHT, Ki[t) = Ki{t) npn hohth Bcex t G (— tt, tt). KpoMe Toro 

t 

^iW = ^-^^^-/ 5(a;) , t G (0, 277) . 



HosTOMy 4)yHKii;H5i Ki{t) yGbiBaex na (0, 27r) h -f^i(t) > -ft'i(vr) = npn Bcex t G (0, tt). 

/I,ajiee BocnojibsyeMCH cjie^^yiomHM yTBep>K;i,eHHeM: Uycmh f,ip G Li, (^yHK-u,usi f 
HeHemnasi u f{t) > noumu ecmdy na (0, vr), a (f}yHKii,usi if Hemnasi u y6ueaem na (0, vr). 
Todda ceepmna F = f * if mAsiemcH neuemHou u F{t) > nonmu ecmdy na (0,7r). 
/I,OKa3aTejiBCTBo BBixeKaex hs paBencxBa 

7r 7r 

F{x) = f{t)ipix -t)dt=^J fit) {ipix - t) - ifix + t)) dt , 

-TT 

B KOTopoM BbipaJKeHHe B CKoGxax HeoTpHn;aTejibHO npn Bcex x G (0, tt) (npn < t < tt — x 
3TO BBixeKaex hs HepaBencxB 0< |x — 1| <x + t<7r,a npn vr — x < t < vr sxo cjie^yex h3 
HepaBeHcxB < |x — 1| = 2 max{x, t} — [x + t) < 2tt — [x + t) < vr). B sxom yxBepjKfleHHH 

6epeM f = Ki n ip = Ipr-lfi, r > 2 (cm. (ll.lOp ). OhCBH^^HO Kr = Ki * tpr-l,0- 3)yHKLl,H3 

ipr-1,0 y6t>iBaex na (0,7r). Hpn r = 2 3xo cjie^yex hs paBCHcxBa (II. lip , a npn r > 2 hs 
paBCHcxBa 

(2.10) ^;_^_^(t) = _f;^i^,tG(0,2vr). 

fc=i 

TaK KaK nocjie;];oBaxejibHocxb {fc"^"*"^}, /c G N, yGbmaex k nyjiio h BbinyKjia bhh3, xo 
^r-i{t) < npH t G (0,7r) (cm., nanpHMep, [1 c. 297] hjih [SI Tji. IV, Banana 6.16(r)]). 
TaKHM oGpasoM, ecjin r = 1 hjih r > 2, xo sign(sint) Kr{t) > npn Bcex t G (— 7r,7r). 
IIoaxoMy a^pa i^r, h, SHannx, ^jih K = Kr, BbinojiHCHO ycjioBHC SJ" c (|)yHKii;HeH 
V3*(t) = sign(sint) h T* = 0. Tor^a npn n = 1 cnpaBe^JiHBO paBCHCXBO (12. 6p . Koxopoe b 
HamcM cjiynae mojkho aanncaxb cjie^yiomHM oGpaaoM 

(2.11) sup ||/|U= sup ll/lli = ^E,{K), = — E ,,V/r^t!i • 
/GWoo,i(i^) /GWi.i(i^) 27r vr ^ (2/c + 1)'^+^ 
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ITphmep 2.3. EcjiH ^jih a^pa K G Li ycjiOBHe B* BbinojiHeHO c (|)yHKii;Heit 

, 4 ^ (-l)^cos(2fc + l)nt 
ip^{t) = sign(cosnt) = - 2^ 2kTl ' 

fc=0 

TO H3 TeopeML.1 12. H cooTHomeHHH (12. 5p H saMenaHHa 12.41 BbixeKaex paeeHCTBO 

(2.12) sup ||/|U= sup \\f\h = ^E^iK), = ^j2^-^^W^ 

i) 3tot cjiynafi peajiHsyexcH, nanpHMep, Ji;];ep Ha;];ji [21 [3] G Li B]Aj\a. 

oo 

(2.13) K{t)r^^ + Y,^^kCoskt, 

k=l 

r^e nocjie^oBaxejibHOCTb {yUfej^gN yGbmaex k nyjiio h npu Bcex A; G N BbinojinaioTca nepa- 
BencTBa A^/i^ := /i^ - 2/ifc+i + /ifc+2 > h A^/x^ := /x^ - 3/ifc+i + 3/ifc+2 - /ifc+s > 0. B 
3TOM cjiynae (^axce 6e3 npe^nojiojKeHUJi BBinojineHHS HepaBencTB A'^/Xfc > 0) cyMMa pa- 
^a fl2.13p G Li C(0, 27r) h '^nfx fl2.13p HBjiaexca p3;i,OM Oypbe K (cm., nanpHMep, 
in § 7.3]). Ha nojiHOTbi TpHroHOMeTpunecKOH cHcxeMbi BbixeKaex, hto K{t) = K{t) npu 
noHTH Bcex t G (— tt, tt). B pa6oTe |3l § 2] (cm. Taxace |2l § 7], [HI § 2.11.5]) noKasano, hto 
npn JI1060M n G N cymecTByex neTHbifi nojiHHOM T* G 7^ xaKofl, nxo npn Bcex t G (— vr, tt) 
BbinojiHaexca HepaBCHCTBo cosnt {K{t) —T*{t)) > (npHBefleuHoe b [3l § 2] flOKaaaxejib- 
CTBo 3Toro 4)aKTa ^jiH nojiojKHxejiBHBix /ifc BepHo H ^jia HeoTpHii;aTejii>Ht.ix /x^). HoBTOMy 
sppa K, H, snanHT, fl^jis K, npn jiioGom n G N BbinojiHeno ycjioBne 5* c (|)yHKn;HeH 
^*{t) = sign(cosnt). B stom cjiynae paBCHCXBO f l2.12p cnpaBe;];jiHBO npn Bcex n G N. 

ii) ripn n = 1 stot cjiynafi peajiHayexca xaKJKe h ^jih a^ep K E Li BH^a ( I2.13p . 
r^e /ifc > 0, A; G N, a nocjie^oBaxejiBHocTB {fc^/XfcjfceN y6t.iBaeT. Tor^a cxo^nxca pa^ 
YlT=if^k- HosTOMy cyMMa p5i;i,a fl2.13p K G C{R) f]C^{0,2n), a pa^ fl2.13p aBjiaexcH 
psiflOM Oypte fljia h, snannx, -ft'(t) = -ft'(t) npn nonxn Bcex t G (— 7r,7r). KpoMC xoro 
K'{t) < ripn Bcex t G (0,7r). OTOojia cjie^yex, nxo sign(cost) {K{t) — K{tt/2)) > 
npn Bcex t G (— 7r,7r). HosxoMy fl^jis sppa K, h, snannx, fl^jis K, BbinojineHO ycjiOBne 
Bl c c|)yHKu;Heil (p^{t) = sign(cost) h T* = K{tt/2). B sxom cjiynae paBcncxBO (I2.12p 
cnpaBe^jiHBO npn n = 1. 

iii) Hpn n = 1 sxox cjiynaii peajinayexca h ^jia a^ep K E Li BH^a fl2.13p . r^e 
nocjieflOBaxejiBHOcxB {A^/ifcjfceN ySbmaex k nyjiio h BbinyKjia bhh3. B sxom cjiynae h no- 
cjieflOBaxejibHocxb {/XfcjfcgN y6t.iBaex k nyjiio h xaxjKe Bbinyxjia bhhs. HosxoMy cyMMa 
pH^a f l2.13p K E Li f]C{0,2iT) h pa/i; fl2.13p aBjiaexca pa^oM Oypte fljia h, snannx, 
A'(t) = i^(t) npH nonxH Bcex t G (— 7r,7r). KpoMC xoro, G C^(0,27r) h -ft''(t) < npn 
Bcex t G (0, tt) (cm., nanpHMep, |H c. 297] hjih [2T, Fji. IV, 3a^ana 6.16(r)]). Oxcro^a 
cjie^yex, hxo sign(cost) {K{t) — K{n/2)) > npn Bcex t G (— 7r,7r), t ^ 0. HosxoMy ^jia 
aflpa i^', H, snaHHX, ;];ji5i i^', Bbinojineno ycjiOBne B^ c (|)yHKn,HeH v^*(t) = sign(cost) n 
T* = K{'k/2). B 3XOM cjiynae paBencxBO (I2.12p cnpaBe^JinBO npn n = 1. 

iv) Hpn n = 1 sxox cjiynan peajinsyexca xaxace n 3;];ep = Mr G Li Bn;];a f l2.13p . 
r^e Ilk = c(l — z/fc)/fc''", G N, r = 2 njin r > 3, a {h'k}'kLo Taxaa nocjie;];oBaxejibnocxt., nxo 
pa^ 1^0/2 + Xlfcli '^k cos fct aBjiaexcH pa^^oM Oypbe (|)ynKn;nn G Li n S{t) > ^Ji3 nonxn 
Bcex t G M H z/q < 1. TaK KaK En{cK)i = \c\En{K)i, to npocxoxbi paccyac^^ennn 



9 



CHHTaeM c = 1. riycTb 



oo 



(2. 14) Mr (t) ~ V ^— ^ COS kt . 

EcjiH r > 1, TO psfl^ (I2.14P cxo;];htc3 paBHOMepno k (|)yHKii;HH Mj. G C(R) h, shslhut, stot 
pa^i, aBjiaexca pa;];oM Oypbe CBoefi cyMMbi. HosTOMy Mr{t) = Mr{t) npn hohth Bcex t G 
(— TT, tt). Ecjih r = 2 hjih r > 3, to M'.{t) = —Kr^i{t) < npn Bcex t G (0, vr) (cm. npHMcp 
I2.2( iii)). Oxcio^a cjie^yex, hto sign(cost) (M,.(t) — Mr(7r/2)) > npn Bcex t G (— 7r,7r). 
HosTOMy ^jia a^pa Mp, h, snaHHT, ^jih if = M^, BtinojiHCHo ycjioBHe c (|)yHKii;HeH 
= sign(cost) H T* = Mr(7r/2). Tor;i,a npn n = 1 cnpaBefljiHBo paBencxBo f l2.12p . 
KOTopoe B HamcM cjiynae mojkho sanncaxb cjie;];yioiri;HM oGpasoM 



(2.15) sup ||/|U= sup \\f\U = ^E,{K), = ^-^Y. ^ ]U\,ZT ' 

/ew^,iW /ewi,i(x) 27r tt ^ (2A; + l)'+i 



IIphmep 2.4. i) IlycTb (|)yHKn;H5i K E Li npu HCKOTopoM SHaHeuHH A G M y^oBjiexBopaex 
ycjiOBH3M: K{t) > A hohth Bcmpy na (0,7r) h K{t) < A hohth BCJopy na (— 7r,0). Tor;];a 
if oHeBH;],Ho y^oBjieTBopacT ycjioBuio c n* = 1, T* = A, ip.^{t) = sign(sint). B stom 
cjiynae paBeucTBo ( 12. 6 p cnpaBefljiHBo npn n = 1. 

ii) riycTb (|)yHKn;H3 K E Li npn HCKOxopoM SHaieHUH A G M y^^oBjicTBopaex ycjio- 
bhhm: K{t) > A noHTH Bcio;];y na (— 7r/2,7r/2) h -ft'(^) < ^ hohth Bcio^y na (— 7r,7r) \ 
(— 7r/2, 7r/2). Tor^a if ohcbh^ho y^oBjieTBopaex ycjioBHio 5* c n* = 1, T* = A, (pt,(t) = 
sign(cost). B 3TOM cjiynae paBCHcxBo ( I2.12p cnpaBe^jiHBo npn n = 1. 

3AMEHAHHE 2.5. Otmcthm, hto npHMcp l2.2( iii) npn HeneTHbix r G N, a npHMcp l2.3( iv) 
npH HexHBix r G N 6l.ijih nojiyMenbi ppyrnM mcto^^om b |25] . 

UpuBeflfiM npocTbie ;];ocTaTOHHt.ie ycjiOBHa HeoTpHii;aTejibHOCTH 4)yHKii;HH S{t) h3 npn- 
MepoB I2.2( iii) h I2.3( iv). OyHKu^as / : R — )■ C HasbiBaexcH nojio>KHTejit>Ho onpe^ejieu- 
HOH Ha M (cm., HanpHMcp, P, § 6.2], [26]), ccjih ^jih juo6b.ix n G N, {xk}k=i C M h 
{ck}^^i C C BBinojTHHeTca HepaBCHCTBO Ylk j=i '^kCjf{xk — Xj) > 0. ^Jia xaKHX (|)yHKn;HH 
1/(2^)1 < /(O), X G M H HenpeptiBHOCTb b nyjie SKBHBajieHTHa nenpepbiBHOCTH na M. Ho 
xeopeMe Boxnepa-XHHHHHa (|)yHKn;Ha / aBjiaexca nojioacHxejiBHo onpe^ejieHHoii h nenpe- 
pbiBHoii Ha M Tor^a h tojibko xor^a, Kor^a f{x) = ^-^ux d^^y^^^ ^ HeoTpHn;aTejib- 
Haa, KOHCHHaa, GopejicBCKaa Mepa na M. Ecjih / G C(M) fl i^(M), to HOJioxcHxejibHaH 
OHpe^ejieHHocTb 4)yHKH,HH / sKBHBajieHTHa HeoTpHH,aTejit>HocTH ee HpeoGpaaoBauHH Oy- 
pt.e, T.e. f{x) := /J*'^ /(M)e"*"^ (iw > 0, a; G M h b stom cjiynae / G L(]R) (cm. [271 rJi. I, 
§1, cjie;];cTBHe 1.26]). 

JIemma 2.2. nycmb cpyHKV^u^i f sieAHemcsi noAOCHCumeAtHO onpedeACHHOu u nenpepue- 
Hou Ha M. EcAu pnd Ylkei /(^)e*'^* HeAHemcH pndoM 0ypt>e (fiyHKii,uu S E Li, mo S{t) > 
npu noumu ecex t G M. 

/I,OKA3ATEJIbCTBO. OhCBH^^HO (|)yHKH;H3 fn{x) '■= f {x) (1 — \x\/n)_^_ HpH JII060M 

n G N HMeex KOMnaKTHbifi HocHxejib h aBjiaexca HOJioacHTejibHo OHpe^ejieHHoii h neupe- 
pbiBHOH Ha M. Torjxa cr„(S')(t) = Ylik&Vn{k)e'^''*' > npn t G M (cm., nanpHMep, [2S1 
§6]). Tax KaK cpe^nne apucJjMeTHHecKHe pa^^a Oypbe cJ)yHKij,HH S E Li cxo^^htch b Li 
K (|)yHKn;HH 5", to ^jih neKOTopoii no^nocjie^oBaxejiBHOCTH (T„^(S')(t) — )■ S{t) npu hohth 
Bcex t G [0, 27r] h, snaHHT, S{t) > hohth Bcio^y na M. JIcMMa [2l2] joKasaHa. 
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3 npH6jiH:a<:eHHe KJiaccoB W^'^ onepaTopaMH cneu,Hajii>Horo BH^a 
3.1 CjiyHaii onepaTopoB Ga,s 

Teopema 3.1. Ilycmh djisi (fiyuKv^uu h eunoAHenu CAedywinue dea ycAoeusi: 

1. (pyHKyufi \{x) = (1 — h{x))/x eunynAa 6hu3 na (0, +oo). 

2. Upu HeKomopux a G (0,1] u 6 > psid Y2k€Z^i\^\°'^)^^^'^ neAsiemcsi pjidoM (pyp-he 
HeKomopou (f)yHK-U,UU Qa^S G Li . 

nycmb Ga,5 onepamop, nopocHcdeHHUu (j)yHKii,ueu Qa^s G Li no cpopMyAe (11. 6p u p = 1 
UAU p = OO. Tosda UMemm Mecmo CAedymmue ymeepcHcdeHUSi: 

1. EcAU /3 + 1 G 2Z, mo npu aw6ux n G N u r > a cnpaeedAueu paeencmea 

(3-1) ^(w,,„> G»,s), -^L. (2fc + 1)^+1 • 

2. EcAU P G 2Z, mo Bar n = 1 u aw6ux r > a + 1 cnpaeedAueu paeencmea 



(3.2) E(W,,„, G.,,), - ^ 1. (2A: + 1)^+^ 



i^'cytu donoAHumeAbno X{x) G C-'^(0, +cxo) w (fiynnyufi —\'{x) eunyKAa enu3 na (0, +oo), 
mo paeencmea (13. 2p cnpaeedAueu npu ajoSux n & N u r > a. 

OnPEflEJiEHHE 3.1. 06o3HaHHM Hepea Mm, m G N, Kjiacc 4)yHKi];HH G C"""^(0, +oo), 
;];ji5i KOTopbix 4)yHKn;H5i (_ l)»^-i/i(»^-i) HeoTpHn;aTejit.Ha, yGbiBaex, BbinyKjia bhhs na hh- 
Tepeajie (0, +oo) h cymecTByex KOHeHHbm npe^eji /i(+oo) > 0. 



3AMEHAHHE 3.1. HpHMepbi (|)yHKn;HH, Koxopbie yflOBjiexBopHioT ycjioBHHM TeopeML.i l3.ll 
npHBe;];eHL.i b cjie^cxBHH 14. H hs Koxoporo BbiTeKaex, hto ecjiH h G M^+i npn neKoxopoM 
m G N H cymecTByeT KOHeHHbifl npe^eji h{+0) < 1, to A(x) = (1 — h{x))/x G npn 
Bcex k = 1, . . . ,m. 

OnPEflEJlEHHE 3.2. (|)yHKn;HH /i, Koxopaa y^oBjieTBopaeT nepaBencTBy h{x) < 1 
npH Bcex X > 0, onpe^ejiHM BejiHHHHy m{h) KaK TOHHyio hhjkhioio rpant xex 7 G M, flJia 
KOTopbix (|)yHKn;H5i (1 — h{x))/x"' yGbmaex na (0, +00) Ecjih Taxne 7 G M He cymecxByioT, 
TO CHHxaeM, HTO m{h) := +00. 

Teopema 3.2. Uycmb Oasi (fiynnyuu h{x), x > 0, eunoAuenu CAcdymvuue dea ycAoeun: 

1. h{x) < 1 npu X > u m{h) < +00. 

2. Upu HCKomopux a > u 6 > pnd Xlfcez ^d^l"*^)^*^* sieAsiemcH pndoM (Pyphe hcko- 
mopou (f)ynKU,uu Qa^s G Li. 

Tozda m{h) > u m{h) > 0, ecAU h{xo) > e ncKomopou moune xq > 0. Ilycmt Ga,5 
onepamop, nopoMcdennuu cf)yHKU)Ueu Qa^s G Li no (f)opMyAe (II. 6p u p = 1 uau p = 00. 
Toeda UMCwm Mecmo CAedymwi;ae ymeepcHcdenun: 

1. EcAU P + 1 G 2Z, mo paeencmeo (13. ip cnpaeedAueo Oasi n = 1 u awBux r > am{h) + l. 

2. EcAU P G 2Z, mo paeencmeo (13. 2p cnpaeedAueo Bah n = 1 u aw6ux r > am{h) + 2. 

3AMEHAHHE 3.2. EcjiH, HanpHMep, (|)yHKi];H5i h BbinyKjia bhhs na (0, +cxd), h{x) < 1 npn 
X > H h{x) ^ const Ha (0, +cxd), to h3 jieMMbi Hl2] BbiTeKaex. hto m{h) G (0,1]. Ecjih 
flOHOJiHHTejiBHo k' HenpepbiBHa b xoHxe cnpaBa, h{0) = 1 h /i'(0) 7^ 0, to m{h) = 1. 
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3.2 Cjiynaii onepaxopoB Ga,s,'y 

OnPEflEJlEHHE 3.3. ^JiH (|)yHKn;HH h G Mm+i, m G N, c ycjioBHHMH < h{+0) < 1 
H h{+oo) = onpe^ejiHM BejiHHHHy '-frn{p,h), p > 1, kek xoHHyio BepxHioio rpanb Tex 
7 G M, flJia KOTopbix 4)yHKii;H3 Ap^^(x) G M^, r;];e 

1 - (1 + 7x)/i(x) l-h{x) h{x) 
(3-3) = = 7- 



XP XP XP~^ 

3AMEHAHHE 3.3. Hs jieMMbi 1^3] BbiTexaeT. hto ^jih jiio6ofi 4)yHKLi,HH /i G M^+i, m G N, c 

yCJIOBHHMH < /i(+0) < 1 H h{ + 00) = 0, HepaBeHCTBO < 7m(P; ^) < +C>0 Bt>inOJIH3eTC3 

npH JI1060M p > 1. 

3AMEHAHHE 3.4. B pa6oTe [32] BejiHinna 7m (p, ^) Hafi^eHa b cjie^yiomnx cjiynaax: 

1) EcjiH = e"* H m G N, to 7^(1, h) = 7^(p, h) = 1 npn p > 2. 

2) EcjiH h^{t) = {l+t)~P,fi>lRme N, TO 7m(p, /i^) = npn p > 2, 7^(1, /i^) = 
lm{p, hi) = 1 npH p > 1. 

3) EcjiH H^{t) = (1 - t)^^, p > m + 1, m G N, TO 7^(1,^^^) = ^ lm{P,H^) = p 
npH p > 2. 

Teopema 3.3. Uycmt Oasi cpyHKV^uu h{x), a; > 0, eunoAHenu CAedymmue dea ycAoeusi: 

1. (pyuKyuR h e M2 uO < h{+0) < 1, h{+oo) = 0. 

2. iJptf HCKomopux p > 1, 7 < 7i(p, /?.), a > 0, 5 > X]fcez(-'- + |^|°57)^(|^|"5)e*'^* 
sieAsiemcsi psidoM 0ypbe neKomopou (fiyuKyuu ga,5,-y £ -^i- 

nycmb Ga^s^-y onepamop, nopocHcdeHHUu (pyHKij,ueu ga,5,'y G Li no cfjopMyAe fll.6p u p = 1 
uyiw p = 00. Tosda UMemm Mecmo CAedymmue ymeepMcdenuH: 

1. EcAU /3 + 1 G 2Z u eunoAHCHO odno us deyx ycAoeuu: i) n G a G (0, 1], r > ap ityin 
n)n = l,a>l,r>ap+l, mo cnpaeedAueu paeencmea 

(3.4) E(W,,„, G„,,,), = ^ 1^ (2fc + 1)^+1 • 

2. E'cytu /3 G 2Z eunoAneno odno us deyx ycAoeuu: i) n = 1, a G (0, 1], r > ap + 1 ^/yiu 
ii) n = 1, a > 1, r > ap + 2, mo cnpaeedAueu paeencmea 

p™./^^ ^ 4 ^ l-(l + (2A:+l)"n"(57)M(2fc + ir^°'^) , 

(3.5) ^(Wp „, G„,5,^)p = — 2^ (2fc^x)'-+i ^ 

EcAU donoAHumeAhHO h G M3, '~f < '~f2{p, h) u a & (0, 1], mo paeencmea (13. 5p cnpaeedAueu 
npu A}o6ux n ^ N u r > ap. 

B cjie^^yiomefi TeopeMe paccMOTpen cjiyHaii nojiojKHTejibHbix a^ep, KOToptie nopojK- 
;i,aioTca nojiojKHTejiBHO onpe;i,ejieHHL.iMH (|)yHKij,H3MH. 

Teopema 3.4. Uycmt Oah (f)yHKV,uu h{x), a; > eunoAnenu cAedywui^ue ycAoeusi: 

1. IIpu nenomopux 7GM, a>0, 5>0 p^d 'Ylikei^^ \k\'^^l)h{\k\°'5)e^^^ AeAsiemcsi 
psidoM 0yp'be nenomopou cfjynKyuu ga,5,-y G Li. 

2. 0ynKyufi (1 + 7|t|")/i(|t|") mAsiemcsi noAOMCumcAhno onpedcAeunou u nenpepuenou 
Ha M u /i(0) < 1. 

Uycmt p = 1 uAup = 00, aGa.s,-y - onepamop, nopoMcdennuu (fiyuKv^ueu ga^s^-y no (popMy- 
Ae (II. 6p . Tosda paeencmeo (13. 4p cnpaeedAueo npun = 1, r = 1 ur > 2, a paeencmeo (13. 5p 
cnpaeedAueo npu n = 1, r = 2 u r > 3. 
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3.3 IIpHMepfai onepaTopoB G^.s h Ga,5,y 

Hphmep 3.1. IlycTb h{t) = e^*. B btom cjiynae m{h) = 1 (cm. saMenaHHe 13. 2p . Bxopoe 
ycjioBHe B xeopeMax 13 . 1 1 h ^72\ oqeBHjiHo BbinojiHeHo jiioGbix a > h 5 > 0. Ohcbh^^ho 
h G Mffi npH JI1060M m G N. YHHTbiBaa saMenaHHe 13. Ij nojiynaeM cjie;];yioiri;He pesyjibxa- 
Tbi. EcjiH a G (0, 1], TO paBeHCTBa (13. ip h (13. 2p BbinojinaioTca npn jiio6t.ix ri G N, r > a 
H (5 > 0. EcjiH a > 1, TO paBCHCTBo (13. ip Bt.inojiH5ieTC3 npH n = 1 H jiio6l.ix r > a + 1 h 
5 > 0, a paBeHCTBO (13. 2 p BbinojinaeTca npn n = 1 h jiio6l.ix r>a + 2H5>0. Cootbct- 
CTByiomHe onepaTopbi G^^s nasbiBaioTca o6o6iri;eHHt.iMH onepaTopaMH AGejia-HyaccoHa. 
JJ,jis onepaTopoB AGejiH-HyaccoHa (a = 1) peayjibTaT 6t.iji HSBecTen tojibko npn n = 1, 
/3 = r G N (cm. p9]) H npH n = 1, ^ - 1 = r G N (cm. (30] npn r = 1 h ^ npn r > 2). 
06a 3TH cjiynaa BbiTCKaioT h3 TeopcMbi 13.11 

BTopoe ycjiOBHC b TeopeMe 13.31 BBinojiHCHO jiJis jiio6l.ix a;>0,5>0H7GM,a snane- 
HH3 7m (P;^) HaH;i,eHt.i B pa6oTe aBTopa [32j (cm. saMenaHHe 13. 4p . HosTOMy TeopcMa 13.31 
cnpaBe;];jiHBa, nanpHMcp, b cjie;];yioiri,Hx cjiynaax: 1) p = 1, 71(1, /i) = |, 72(1, /i) = ;|. 
2)p = 2, 7i(2,/i)=72(2^/iHl. 

Tax KaK (|)yHKn,H3 e~'*'" aBjiseTca nojiojKHTejiBHo onpe^ejieHHoft na M <^==^ < 
a < 2, TO onepaTopti Ga^s,-y npn 7 = Gy^yT nojiojKHTejiBHBiMH npn jiio6l.ix < a < 2 h 
5 > 0. H Hao6opoT, ecjin npn HCKOTopoM a > onepaTopbi Ga,5,o Sy^yT nojioacHTejitHbiMH 
npH jiioGbix 5>0, To0<a<2 (Gojiee no;];po6Ho cm., nanpHMcp, [28j). HcTpy^Ho 
noKasaTb, hto (|)yHKii;Ha (l+7|a;|)e~'^' HBjiHeTca nojiojKHTejiBHo onpe;];ejieHHOH na M <^=^ 
7 G [—1, 1] (npeo6pa30BaHHe Oypte stoh (|)yHKii;HH paBHO 2(1 + 7 + (1 — 7)t^) /(I + i^)^)- 
HosTOMy onepaTopt.1 Gi,^,^ 6y;i,yT nojiojKHTejiBHbiMH npn jiioGbix 6 > -^^^ 7 G [—1, 1]. 
B CHJiy TcopcMbi 13 . 41 paBCHCTBO ( 13. 4p cnpaBc^jiHBO b cjie^yiomnx cjiynaax: 1) n = 1, r = 1 
HjiH r>2, 7 = 0, 0<a<2. 2)n = l, r = l hjih r > 2, 7 G [—1, 1], a = 1. Otmcthm, 
HTo cjiynafi 1) npn r = 1 xopomo HSBecTCH (cm., nanpHMep, [33 | IMl 135] ) . PaBCHCTBo ( 13. 5p 
cnpaBeflJiHBO b cjie^yiomnx cjiynaax: l)n = l,r = 2 hjih r>3,7 = 0,0<Q;<2. 
2) n = 1, r = 2 hjih r > 3, 7 G [-1, 1], a = 1. 

/]^ji3 GHrapMOHHHecKHx onepaTopoB Hyaccona (a = l,5>0H7 = (l — e~^^)/{25) G 
(0,1)) pesyjiBTaT Gbiji HSBecTCH tojibko npn r;, = lHr — IgN (cm. p6]), KOTopbifl 

BblTCKaCT H3 TCOpeMBI 13.31 H HpH ?T, = r = /3=l(cM. [371 EH]), KOTOpblH BblTCKaeT H3 
TCOpCMBI 13.41 

B cjiynae onepaTopoB AGejia-IlyaccoHa (a = 1) noncxy hojihoto acHMHTOTHnecKoro 
npe^cTaBjieHHH piiflps ( 13. ip h ( 13. 2 p npn n = 1, (3,r G N Gbijih nocB3iii;eHt.i paGoTbi [311 [Ml 
[39| Ho]. HojiHoe pemcHHe stoh aa^ann 6t.ijio nojryHeHo b paGoTe aBTopa |41] . B cjiyiae 
a = 2,n = l,/3 = r = l otmcthm pa6oTy [3l]. B o6iu;eM cjiynae acHMHTOTHHccKHe 
pasjiojKeHHa pa^oB ( 13. ip , ( 13. 2 p , (13. 4p h (13. 5p c sbkbimh K03(|)(|)Hii;HeHTaMH jierxo BbiTCKaioT 
H3 peayjiBTaTOB pa6oTB.i aBTopa [42j. BbinHmeM 3th pasjioacenHH npn 7 = (b cjiynae 

7 7^ OHH CJIHniKOM rpOM03flKHe). 

IlycTB r > 0, a > 0. Tor^a cjie^yiomne acHMHTOTHHccKHe pasjiojKCHHa cnpaBefljiHBbi 
cooTBeTCTBCHHo B cjiyHasx, Kor^a r/a^Nvir/a = pEN: 



1 _ g-5(2fc+l)° 



(3.6) 



(2fc + l)^'+l <5^+0 

2-'' 



k=0 

-r-l 



1 °° (-1)'' 

- r i-r/a) (2-6)^ + J] ^-^ C {-ak + r + 1, 1/2) {2^6)' 

k=l 
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(3.7) 



°° 1 _ p-5(2A:+l)° 



r(p+i) V ^ ^ ar(p + i) " r(i/2) J 



+ E 



" ^ C(-«A; + r + 1,1/2) (2°5)^ 



EcjiH < a < 1, TO B (13. 6p h (13. 7p HMeex mccto snaK paBencTBa npn Bcex 5 > 0. Ecjih 
a = 1, TO B (13. 6p H (13 -Tp HMeex Mecxo snax paBencxBa npn Bcex 6 G (0, vr). 3;i,ecb ({s, a) 
- 4)yHKii,Ha rypBHii;a c napanexpoM a > 0, paBHaa npn Res > 1 cyMMe YlT=oi^ + a)"**. 
3xa 4)yHKii;Ha anajiHXHHecKH npoflojiacaexca b C \ { 1 } . 

Ilycxb r + l>0,a>0. Tor;];a HMeex Mecxo cjie^yiomee acHMnxoxHHecKoe pasjioJKeHHe 



oo 



1 _ p~S(2k+l)'^ °° /_i \k _ 

(3.8) V-— r^i-^f ~ -2-'-iy E_i^C(-«fc + ^ + 1,1/2) (2^5)'= . 

fc=0 ^ fc=l 

Ecjih < a < 1, xo b (13. 8 P HMeex Mecxo snaK paBencxBa npn Bcex (5 > 0. Ecjih a = 1, 
xo B (13. 8 p HMeex Mecxo snaK paBencxBa npn Bcex 5 G (0,7r/2). 3;i,ecb Ci^iO) - n;ejia5i 
(|)yHKii,Ha no s G C, paBHaa npn Res > cyMMe 'YlT=o{~^f{^ + a > 0. 

ITphmep 3.2. IlycxB h{t) = (t+1)^'^, /i > 0. B sxom cjiynae m{h) = 1 (cm. 3aMeqaHHe l3.2p . 
Bxopoe ycjioBHe b xeopcMax 13 . 1 1 h I3l2] bbihojihcho jiio6l.ix a > h 5 > 0. 3xo bbixc- 
Kaex H3 xoro, hxo 4)yHKii;H5i h{t'^5) yGbmaex k nyjiio h BbinyKjia bhhs na {ta,fi,s, +oo) npn 
HCKoxopoM ta^fx^s > 0. Ohcbh^^ho h G Mm HpH J11060M 171 E N. YHnxbiBaa saMenaHHc 13. H 
nojiynacM cjie^yioiLi;He pesyjibxaxbi. Ecjih a G (0, 1], xo paBCHcxBa (13. ip h (13. 2p bbihoji- 
HJIIOXC3 npn jiio6l.ix nEN,r>aii6>0. Ecjih a > 1, xo paBCHCXBO (13. ip BbinojiHaexca 
npn n = 1 H jiio6b.ix r>a + lH(5>0,a paBencxBo (13. 2 p BtinojiHaexca npn n = 1 h 
jiioGbix r>a + 2m6>0. 

Bxopoe ycjioBHe b xeopeMe 13.31 BbinojiHeHO ^jih jiio6t.ix /i>l,Q;>0,(5>0H7GM. 
3xo BbixcKaex hs xoro, hxo (|)yHKi];H5i t°'h{t°'6) yGbiBaex k nyjiio h BbinyKjra bhhs na 
{ta,fj.,5, +oo) npn HCKoxopoM ta^^^s > 0. SHaHCHHsi 7m(P; h) HaH^eHBi B pa6oxe |[32] (cm. 
saMenaHHe 13. 4p . HosxoMy xeopcMa 13.31 cnpaBenjinBa b cjie;];yioiri;HX cjiynaax: 1) p = 1, 
7i(l, h) = {^i + 2)/3, 72(1, h) = {fi + 3)/4, p > 1. 2) p = 2, 71(2, h) = 72(2, /i) = p, p > 1. 

OyHKii,H3 (|t|" + l)"'^, a > 0, p > 0, HBjiaexcH nojioacHxejiBHO onpe^ejieHHOH na M 
<^=^ < a < 2. ^ocxaxoHHocxb Bbixexaex h3 xoro, hxo (|)yHKn;H3 (t + 1)~^, p > 

0, HBJIHeXCH BHOJIHC MOHOXOHHOH Ha (0,+CXd). HeoGxO^^HMOCXb BblXexaeX H3 xoro, HXO 

cpe;i,H HOJiojKHxejiBHo onpeflejieHHbix cJ)yHKn;HH xojibko Hocxoannaa (|)yHKn;H3 hmccx b 
Hyjie HyjieByio npoHSBO^Hyio Bxoporo nops^Ka. HoaxoMy onepaxopti Ha^^^s^^ = G npn 
7 = 6y^yx nojio>KHxejibHt.iMH npn jiio6t.ix 0<a<2,p>0H5>0.H Hao6opox, 

eCJIH HpH HCKOXOpblX « > 0, p > OHCpaXOptl Ha^^^Sfl Sy^yX HOJIOJKHXejIBHtlMH HpH 

jiio6l.ix (5>0, xo0<a<2 (6ojiee no^poGno cm., nanpHMep, |28|). B cHjiy xeopcMbi 13.41 
paBCHcxBo (13. 4p cHpaBe^jiHBo b cjieflyioiu;eM cjiynae: n = 1, r = 1 hjih r > 2, 7 = 0, 
< a < 2, p > 0. PaBeHcxBo (13. 5p cnpaBefljiHBo b cjie;];yion];eM cjiynae: n = 1, r = 2 hjih 
r > 3, 7 = 0, < a < 2, p > 0. 

AcHMHXOXHHeCKHe paSJIOJKeHHH pH^OB (13. ip . (13. 2p . (13. 4 P H (13. 5P C SBKBIMH K03(|)(|)H- 

ii;HeHxaMH jierxo Bbixexaiox hs pesyjibxaxoB pa6oxL>i |42j . BbiHHmeM sxh pasjiojKCHHa npn 
7 = (b cjiynae 7 7^ ohh cjihhikom rpoM03;i,KHe). 

IlycxB r>0,Q;>OHp>0. Tor^a cj[eflyK)iLi,He acHMHxoxHHecKHe pasjiojKeHHs 
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cnpaBefljiHBbi cooTBeTCTBeHHo B cjiynaHx, Kor;i,a r/a^Niir/a = pEN 



(3.9) 

oo 
fc=0 



1-((2A; + 1)"5+1) 



- 2 



-r-l 



(2A; + 1)^+1 

rK) r(/. + ^) 

a r(/i) 



(5^+0 



ifc=l 



-1)^ r(/x + fc) 



k\ 



C(-aA; + r + 1,1/2) (2"5)'^ 



(3.10) 

oo 



1 - ((2A; + l)-5 + i; 



fc=0 

oo 

+ E ■ 



5^+0 



(2A; + 1)*^+! 
r(/i + p)(-l)f(2"5)f 



r(/x)r(p+i) 

-1)'= r(/i + A;) 



in(2"5) r(p + i) r'(i/2) r'(/i + p) 



r(/i) 



ar(p + i) r(i/2) ar(/i + p) 

C(-afc + r + 1,1/2) (2"5)'= 



IlycTb r + l>0,a>OH/i>0. Tor^a HMeex Mecxo cjieflyiomee acHMnxoTHHecKoe 
pasjiojKeHHe 



(3.11) 



fc=0 

- 2" 



(2A; + l)'-+i 



fe=i 



4)^ Tjfi + k) 



C(-afc + r + 1,1/2) (2^5)'= 



IIphmep 3.3. HycTB h{t) = (l — t)'^, jj, > 0. Bxopoe ycjioBHe b xeopeMax 13 . 1 1 h IX^ oqeBHji- 
Ho BBinojiHeHO ^jia jiioGbix a > h 5 > 0. Ecjih /i > 1, xo m{h) = 1 (cm. 3aMeqaHHe l3.2p . 
OneBH^Ho G M^, m G N <^=^ fi > m. YHnxbiBaH saMenaHne 13. H nojiynaeM cjiepyjo- 
mne pesyjibxaxbi. Ecjih a G (0, 1] h yU > 2, xo paBCHCXBO (13. ip Bbinojinaexca npn jiioGbix 
nGN, r>a;H(5>0, a paBCHCXBO (13. 2 p BbinojinaexcH npn n = 1 h jiio6t.ix r > a + 1, 
6 > 0. Ecjih a G (0, 1] h /i > 3, xo paBCHCXBO (13. 2p BbinojinaexcH npn jiioGbix n G N, 
r > a R 6 > 0. Ecjih a>lii/i>l,xo paBCHCXBO (13. ip Bbinojinaexca npn n = 1 ii jiio6t.ix 
r>a + ln(5>0, a paBCHcxBo (13. 2p BtinojiHaexcii npn n = 1 h jiio6l.ix r>a + 2n5>0. 
CooxBexcxByiomHe onepaxopbi Rg'^ = G nasbiBaioxca cpeflHHMH Pncca. HpH a = /i = 1, 
1/(5 G N nojiynaioxca cpe^HHC apH(|)MexiiHecKHe. 

Bxopoe ycjioBHc b xeopcMc 13.31 BBinojiHeno j^jis jiio6t.ix a > 0, 6 > OH7 G M,a 
sHaHCHHJi '^miPih) Hafl^eHBi B pa6oxe |32] (cm. saMenaHiie 13. 4p . HosxoMy xeopcMa 13.31 
cnpaBc^jiHBa, nanpiiMcp, b cjie^yiomHX cjiynaax: 1) p = 1, 7i(l,/i) = (/i — 2)/3 (ecjiii 
/i > 2), 72(1, /i) = (yU-3)/4 (ecjiH /i > 3). 2) p = 2, 7i(2,/i) = p (ecjiH p > 2), 
72(2, h) = jj, (ecjiH p > 3). 

OyHKn;Ha (1 — |t|")+, a > 0, p > 0, HBjiaexcji nojio>KHxej[i>HO onpefleireHHOH na M 
<^==^ 0<a<2Hp> A(a), r^e A(a) - (|)yHKn;H5i Kyxnepa, Koxopaa nojiojKuxejiBHa, 
Boapacxaex na (0,2), A(+0) > 0, A(l) = 1 ii A(2 — 0) = +00 (Gojiee no^poGno cm., 
HanpHMep, [28]). HosxoMy onepaxopbi R^'^''^ = G npn 7 = 6y^yx nojiojKHxejiBHBiMH 
npH jiio6l.ix 0<a<2,p>A(a)ii5>0. H Hao6opox, ecjiH npn HCKoxoptix a > 0, 
p > onepaxopt.1 R^'^'^ 6y;];yx nojiojKuxejiBHbiMH npn jiioGbix 5 > 0, xo < a < 2, 
p > \{q). Hsbccxho xaKJKC, Hxo 4)yHKi];iiJi (1 + 7|x|)(l — |x|)+ HBjiaexca nojiojKiixejiBHO 
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onpe^ejieHHOH na M <^=^ 7 G [■"SjO] (cm. ^3} Teopena 9]). HosTOMy nojiojKHxejibHo 
onpeflejieHHOH na M Sy^ex h 4)yHKii;Ha (l+7|x|)(l — IxD^J."*"^ npn jiio6t.ix 7 G [—3, 0] h > 1. 
B CHjiy xeopeMbi 13 . 41 paBencTBO (13. 4p cnpaBe;];jiHBO b cjie;];yioiri;HX cjiynaax: 1) = 1, r = 1 
HjiH r>2, 7 = 0, 0<a<2, /i> A(a). 2) n = 1, r = 1 hjih r > 2, 7 G [-3, 0], a = 1, 
/i = 1 HJIH n > 2. PaBCHCTBO (13. 5 p cnpaBe;];jiHBO b cjie^yiomnx cjiynaax: 1) n = 1, r = 2 
HJIH r>3, 7 = 0, 0<Q!<2, /x> X{a). 2) n = 1, r = 2 huh r > 3, 7 G [—3, 0], a = 1, 

fJ, = 1 HJIH fi >2. 

B cjiynae cpe^HHx apHcJ^MexHHecKHx (a = = 1, 1/5 G N) ^jih KjiaccoB Wp, r G 

N, H VTp, r — 1 G N, ;];ji3 Koxoptix napaMexp n = 1, paBencxBa (13. ip h (13. 2p npn 
p = 00 ^oKaaaHBi b pa6oxax Ha^a |44l |45] . a b pa6oxe TejiaKOBCKoro |46] ^OKasano 
coBna^eHHe BejiHHHH npnGjinaceHHii yxasaHHtix KjiaccoB npn p = lHp = cx3.B sxhx 
ace cjiynaax acHMHxoxHHecKoe pasjioaceHHe npn 5 — )■ +0 cooxBexcxByioin;Hx psflOB (13. ip 
H (13. 2p HaHflCHo B paGoxax TejiaKOBCKoro h BacKaKOBa [17t H8] . 

3.4 npH6jiH>KeHHe cpe/i,HHMH Hesapo 

Hncjia Hesapo A", n G nopaflKa a G M, onpe^ejiaioxca c noMoin;bio cjie^yromeii 

npOH3BOfl3IU;eH cJ)yHKI],HH 

^ 00 

(3.12) — - = y |x| < 1. 

^ ' n=0 

OneBH^HO = 1, = 1 npn k G Z+, h A" = (a + 1) ■ . . . ■ (a + ra)/n! npn n G N. 
EcxecxBeHHO cnnxaxb, hxo A" = npn — n G N. A^na Jiio6i>ix a, 7 G M h n G Z,+ 
cnpaBefljiHBbi paBencxBa (cm., nanpHMep, [H rji. Ill, § 1]) 

n n 

(3.13) ^" = E^r' ' ^" = E<-^^r'- 

fc=0 fc=0 

/],ji5i sa^aHHOH nocjreflOBaxejrbHocxH s„, n G Z+, neaapoBCKHe cyMMbi S*" nopa^^Ka a 
H HesapoBCKHe cpe^^nne cr" nopa^^Ka a > —1 onpe;];ejiHioxca no (|)opMyjiaM 

(3.14) S: = j2K--lsk, < = §,nGZ+. 

fc=0 " 

OHeBHflHo 5° = s„ H S*^ = So + . . . + s„, n G Z+. Hexpy;];Ho noKasaxt., hxo ^jih jiio6t>ix 
a,7 G M cnpaBefljiHBbi paBencxBa (cm., nanpHMep, [U rji. Ill, § 1]) 

n 

(3.15) s: = j2K--r's2,nez^. 

k=0 

EcjiH B KanecxBe hcxo^hoh nocj[eflOBaxejit.HocxH bsjixb s„ = Dn{x) := 'Yyi=-n ^ ^Apa 
/InpHXjie, xo HeaapoBCKHe cyMMti ^jih sxoii nocjie^oBaxejibHocxH 6y^yx paBHti 

71 n 71 71 

(3.16) S:{x) = J2 K'-lDkix) = ^ A^zl = Yl ^n-M^'^^ , r^ G Z+ . 

A;=0 u=—n k=\i/\ u=~n 

OopMyjia (I3.15P b 3xom cjiynae 6yflex hmcxb bh^ 

71 

(3.17) S:{x) = Y K-V Sl{x) , n G Z+ , a, 7, a; G M . 

fc=0 
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CpeflHHe Heaapo nopa;];Ka a > — 1 (|)yHKn;HH / G Li onpe^^ejisiioTca no c})opMyjie 

4" 1 



(3.18) " 

Teopema 3.5. Uycmb /3 G p = 1 u/m p = oo, a > 1 u m E Tosda paeeHcmeo 

(3.19) .,W-<),^i||^(l-%P) 

cnpaeedAueo no Kpauneu Mepe e CAedywmux CAyuanx: 1) /3 + 1 G 2Z, r = 1 nyiii r > 2; 
2) /3 G 2Z, r = 2 li^iu r > 3. KpoMe moso, e yKasannux deyx CAynasix Oasi awBux 
a,7 > 1 u m E Z+ cnpaeedAueu paeencmea 



^ m 

(3.20) E(W;;f ; a;:;), = — ^ A^T'^I ^(W;:?; a,-), 

^OKASATEJIbCTBO. TaK KaK 



Ac 
™ fc=0 



• 2 {m-\-l)x 
gj]2 1 — I — 

Sl{x) = Do{x) + ... + Dm{x) = -jj— >0 , meZ+ , xeR, 

sm I 

TO H3 f l3.17p npH 7 = 1 BbiTeKaex, hto jiioGbix a > 1, m G Z+ h x G M BbinojiHaexca 
HepaBencTBO ^^(x) > 0. Pa^ Oypbe ^jih a^pa K & Li (cm. ( 11. Sp ) b nameM cjiynae HMeex 

BHfl 

/ _ ^jn-\k\\ -i/37rsignfe/2 oo 9 1 _ ^m-fc^ / „ 

k^O ' ' fc=l ^ 

B cjiynae /3 + 1 G 2Z na^o npHMeHHXb npHMep 12.21 (iii) h paBencxBo (12. lip , a b cjiynae 
(3 E 21, H&flp npHMeHHXb npHMep [273] (iv) n paBencxBO (I2.15p . b Koxopbix = ^m-fcMm! 
A; G Z+ H |c| = 2. Hpn 3xom na^o ynecxb, nxo z/q = 1 h 

^ + 5^ z/, COS fct = -— ■ (t) > , m G Z+ , a > 1 , t G M . 

^ k=i 

PaBcncxBO (I3.19P b yKasannbix ^Byx cjiynaax j^oKaswo. /JoKaJKeM xenepb, hxo b sxhx 
ace cjiynaax cnpaBe;];jiHBbi paBencxBa f l3.20p . 

JXjiii (|)HKCHpoBannbix napaMexpoB /3 G Z n r > aa^a^^HM jx&e nocjie^oBaxejibnocxH 
Sm. = Sm{/3,r) a E^ = E^{P,r), m G Z+, no cjie;];yiOH^eMy npaBHjiy: 



S2fc = , s^k+i = - ■ : ,keZ+; E:^ = SA'^- ^-+1 , m G Z+ , 



TT (2fc+l)'-+l 

r;];e S*^ - nesapoBCKHe cyMMbi nocjie;];oBaxejibnocxH Sm,rn & Z+, a 5 = Xlfclo '^'t- -^'^ (I3.15P 
cpaay nojiynaioxca pabencxBa 

m 

(3.21) Yl K^X'El = i?;^ , a, 7 G M , m G Z+ . 

fc=0 
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KpoMe Toro, h3 f l3.14p BbiTexaeT, hto 

k=0 k=0 ^ ' 

EcjiH p = 1 HjiH p = cxD, a napaMexpt.! /3 G Z h r > xaKHe, ^Jia KOTopbix BbinojiHaexca 
ojxRo H3 ;];Byx yKasaHHbix b xeopeMe ycjioBHfl, to no ;];oKa3aHHOMy npn jiroGbix a > 1 h 
m G Z_|_ cnpaBe;i,jiHBo paBencTBo f l3.19p . T.e. = A'^E^W^Il] a!^)p. B sthx cjiynaax 
paBCHCTBo ( I3.20p BBiTCKaeT H3 paBCHCTBa fl3.2ip . TeopeMa 13.51 iioKa3aHa. 

3AMEHAHHE 3.5. ^jiH KjiaccoB Wp, r G N, H Wp, r - 1 G N, paBencTBa ( I3.19P fljia a G N 
npH p = oo ^oKa3aHt>i b paGoTax Hafla |44[ H5] , a b paGoTe TejiHKOBCKoro |46] flOKa3aHo 
coBna;i,eHHe npn p = 1 n p = oo BejiHHHH npnGjinxceHHa yKa3aHHt.ix KjiaccoB cpe;],HHMH 
He3apo. 

3AMEHAHHE 3.6. EcjiH /3 G Z, a p = 1 HJIH p = oo, TO ^jia cpe^HHX Oeiiepa paBencTBO 
(3.22) £(W;:f ; ^ — + O [^-^) , A'- ^ - g LL_ , 

cnpaBe^jiHBO no KpaflneH Mepe b cjie;];yion];HX cjiynaax: 1) /3 + 1 G 2Z, r > 2; 2) /3 G 2Z, 
r = 2 HJIH r > 3. JI^Jis r — 1 G N paBencTBo f l3.22p ;i,oKa3aHo HnKoubCKHM |19| 150] . /I,Ji5i 
ocTajit.Ht.ix yKa3aHHt.ix r paBencTBo (I3.22P nojiynaeTcs h3 paBencTBa (I3.19P mcto^om, 
H3J[o>KeHHt.iM B paGoTe TejiaKOBCKoro h BacKaxoBa |48] . H3 paBencTBa fl3.20p npn 7 = 1 
BbiTexaeT, hto npn « > 1 n yKa3aHHt.ix Btime 3HaneHH5ix p, (3, r cnpaBe^jiHBO paBencTBO 



1 / A^'' /5 \ 



fc=0 ^ ^ 

r^e = (A;+l)£;(Wp;^; aDp-K'''^, a 5;^ = XlLo ^m-Vfc/^^ - cpe^^nne He3apo nopa^Ka 
7 > — 1 jxjm nocjie^oBaTejiBHocTH e^, A; G Z+. Tax xax = — ^ 0, to (cm., nanpHMcp, 
H rji. Ill, § 1]) ^ npn a > 1 H, 3HaHHT, E (W^'j* ; ct^)^ = K'-'^a/(a + m) + 

0(1/(0; + m)). IIocjreflHee cooTHomenHe npn p = 00 n r— 1 G M flpyrHM mcto^om flOKa3aHo 
OajiajieeBbiM 1511. 



3.5 npH6jiHi«;eHHe cpe/];HHMH THna Pncca h Hesapo ii;ejioro nopa^Ka 

IlycTb Q{x) = J2k=i^kX^'^, r^e n G N n a^, > 0. Tax xax (5(0) = n Q{x) > npn 
X > 0, TO ^jia jiio6t.ix a,u > hmcct cmbicji cjie^yromnn onepaTop 

TV 

G-«(/)(x) := Y: ^^^""q me^'^ = ^ / mK'^'i^ -t)dt,feL,, 

(3.23) 



Q((M-|fc|-)+) 



■ e 



EcjiH Q{x) = x^, /i > 0, TO nojiynacM G"'*^ = -R"/*!^ - cpe;i,nHe Pncca (cm. npnMcp 13731) . 

EcjiH Q{x) = Y[k=ii^ + A; — 1), /i G N, TO npn a = 1, m E Z+, nojiynaeM GI^i = - 
cpe^nne He3apo (cm. § 13. 4p . 



m 
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(3.24) 



Tofi TKe 4)yHKii,HH Q H jiio6bix a,5 > onpep^ejiuM cjie;];yioiri;He onepaxopbi 

TV 



Q{i) 



ikx 



Teopema 3.6. Uycmh Q{x) = X]fc=i o.kx'^'' , sde n e N, ak > u fi^ > I. nycmt (3 E Z, 
p = 1 UAU p = oo, 0<a<l u u,6 > 0. Tozda paeencmea 

(3.25) i?(W^,i, G„ (2A; + 1)^+1 ^ QH J ' 



(3.26) i?(W^,i,G, )p -- 1^ ^2A; + 1)^^+1 0(1^ J 

cnpaeedAueu no Kpauneu juepe e CAedytomux CAyuasix: 1) /3 + 1 G 2Z, r = 1 wyiit r > 2; 
2) /3 e 2Z, r = 2 uyi^/ r > 3. 

^OKASATEJlbCTBO. PaccMOTpHM cjiynafl onepaTopoB G"'*^. Hpn jiio6t.ix m > 0, < 
< 1; > 1; 4)yHKij,H3 (^(t) = [u — |t|")+ HBjiHeTCH nojiojKHTejibHO onpe^ejieHHOH 
Ha M (Gojiee noflpoGno cm., nanpHMep, pH]). HoBTOMy npn jiio6l.ix 'u>0,0<a<l, 
nojiojKHTejibHo onpe^ejieHHoii na M 6yfleT h (|)yHKn;H5i /(t) = Q{{u—\t\'^)j^). Ho jieMMe [2l2] 
npH Bcex t G M BbinojiHaexca HepaBencTBO K"'^{t) > 0. Pa^ Oypte ^jih a^pa K E Li 
(cm. (II. 8p ) B HameM cjiynae HMeex bh^ 

f . _ Q{{u-\kn+) \ il37Tsignk/2 oo f^ _ Q((»-|fc|")+) \ 

Kit) ~ L ^ ^ = L ^ — - T 

B cjiynae /3 + 1 G 2Z na^o npHMCHHTb npHMep 12.21 (iii) h paBCHCTBO (12. lip , a b cjiy- 
Hae /3 G 2Z Ha;];o npHMeHHXb npHMep 12.31 (iv) h paBCHcxBo (I2.15p . b Koxopbix = 
Q {{u — k")^)/Q{u), k G Z_|_ H |c| = 2. HpH stom Ha;];o ynecxb, hto uq = 1 r 

oo ^ 

^ + E z/fe COS H = - ■ K^''^{t) >0,M>0,0<a<l,tGM. 
fc=i 

ToHHo xaK ace paccMaxpHBaexcH h cjiynafl onepaxopoB G"'*^. TeopcMa 13.61 joKasana. 

4 BcnoMoraTejibHbie yTBep:acfleHHH 

4.1 CBoiicTBa BbinyKJibix cJ)yHKu,HH h BejiHHHHbi m(/i) 

OxMCXHM cjie^yromne ^Ba CBOiicxBa Bt.inyKjiL.ix (|)yHKn;HH. 

1. EcjiH o6e (|)yHKn;HH / h HeoxpHii;axejiBHL.i, yGbmaiox h BbmyKjiti bhh3 na (0, +oo), xo 
xaKOH JKC (|)yHKLi;HeH Gy^ex h npoHSBe^eHHe fg (^oKasaxejitcxBo BBixexaex hs onpe^ejie- 
HHS BbinyKjioH (|)yHKii;HH H OHeBH;i,Horo HepaBCHCXBa {f{x) — f{y)){g{x) — g{y)) > npn 
Bcex x,y > 0). 
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2. EcjiH (|)yHKii;Ha / HeoTpHn;aTejibHa, yGbiBaex h BtmyKjia bhhs na (0, +00), a (|)yHKii;H5i 
g nojiojKHTejibHa, BoapacTaex h BbinyKjia BBepx na (0, +00), to (|)yHKij,H3 f{g{x)) neoxpH- 
i];aTejibHa, yGbmaex h BbinyKjia bhhs na (0, +00) (^oKasaxejibCTBo jierKo nojiynaeTca hs 
onpe;];ejieHH5i BbinyKjiofi (|)yHKij,HH) . B nacTHocTH, npn J11060M e G (0, 1] (|)yHKij,Ha /(a;*^) 
HeoTpHn;aTejibHa, y6t.iBaeT h BbinyKjia bhhs na (0, +00). 

JIemma 4.1. IJycmh cfjyHKV,u^ X{x) eunyKAa enus na (0, +00) u \{tk) — Bar hcko- 
mopou nocAedoeameAhHocmu tk — )■ +00. Toada npu Am6ux e G (0,1], 7 > (fiyHKV^u^ 
\{x'^)x^'^ y6ueaem k nyAW u eunyKAa 6hu3 na (0, +cxd). Ecau donoAHumeAhHO A(x) G 
C^(0, +00) u (fjyHKV^usi —X'{x) eunyKAa enua na (0,+oo), mo npu aw6ux e G (0,1], 
7 > (fiyuKyufi —f'{x) MOHomouHO yBueaem k uyAW u eunyKAa enu3 na (0, +00), zde 
f{x) = \{x'^)x~^ . 

^OKASATEJIbCTBO. HycTB (|)yHKn;Ha A BbinyKjia bhhs na (0, +00). Tor^a cnpaBefl- 

JIHBO HepaBCHCTBO 

(4.1) ^^"^^ - ^("^^ < ^^^'^ - ^^^'^ < ^^^'^ - ^(^^^ ,0<x,<x,<x,. 

X2 - Xi X3- Xi X3 - X2 

EcjiH B HepaBCHCTBe f l4.ip Bsaxb 0:3 = tfc h nepeftTH k npe^ejiy npn /c — )■ 00, to nojiy^HM, 
HTo (|)yHKii;Ha A(x) yGbmaex na (0, +00) h, snaHHT, lim A(x) = lim A(tfc) = 0. HoBTOMy 

X^ + OD fc— >- + 00 

npH jiio6l.ix e G (0, 1], 7 > (|)yHKn;HJi X{x'^)x~'^ yGtiBaex k nyjiio h BtmyKjia bhhs na 
(0,+oo). 

HycTb ^onojiHHTejiBHO A(x) G C^(0, +00) h (|)yHKii;Ha — A'(a;) BbinyKjia bhhs na HHxep- 
Bajie (0, +00). Hs paBencTBa A(+oo) = BtiTeKaex cxo^^hmoctb HHxerpajia J^°° ^'i^) dx. 
Ho (|)yHKH;H3 A'(x) MonoTonna na HHTepBajie (xq, +00) npn neKoxopoM xq > 0. HosTOMy 
A'(+oo) = H, sHaHHT, (|)yHKn;HH — A'(x) yGbiBaeT k nyjiio na (0,+oo). Torj^a. npn jiio- 
6t.ix e G (0, 1], 7 > (|)yHKi];H3 —f'{x) = e{—\' {x^))x~^"'~^^~'^^ + 'jX{x'^)x~"'~^ mohotohho 
y6t>iBaeT k nyjiio h BbinyKjia bhhs na (0, +cxd). JleMMa H?T] joKasana. 

B cjie^^yiomeH jieMMe ycTanoBjieHbi CBoflcxBa BejiHHHHbi m{h) (cm. onpenejieHne 13. 2| ). 

JIemma 4.2. Uycnib h{x) < 1 npu x > 0. Tosda cnpaeedAueu CAedymmue ymeepcHcdeHusi: 

1. Ecau m{h) < +00 u h{xQ) = 1 npu HCKomopoM Xq > 0, mo h{x) = 1 npu ecex x > Xq. 

2. m{h) = —00 <^==^ h{x) = 1 na (0,+oo). 

3. Ecau —00 < m{h) < +00, mo (fiyHKU,uji {l—h{x'^))x^"', e > 0, ydueaem no x E (0, +00) 
<^==^ 7 > em{h). 

4. Ecau /i(+0) = 1 u h{x) ^ 1 na (0, +00), mo m{h) > 0. 

5. Ecau h{xk) — )• g < 1 dAfi ncKomopou nocAcdoeameAtnocmu Xk -t- +00, mo m{h) > 0. 
Ecau, donoAHumcA-buo, h{xo) > q e ncKomopou mouKC xq > 0, mo m{h) > 0. 

6. Ecau h' nenpepuena e mouKC cnpaea, h{0) = 1 u h'{0) 7^ 0, mo m(h) > 1. 

7. Ecau (pyuKyu^i h eunyKAa enua na (0, +00) u h{x) ^ const na (0, +00), mo m{h) G 
(0,1]. 

8. Hycmb Xq > maKan mouKa, umo h{x) < 1 npu < x < Xq u h{x) = 1 npu 
X > Xq, a ecAU h{x) < 1 npu ecex x > 0, mo CHumacM Xq := +00. Ecau cf)yHKU,u^ h 
du(p(fjepeHU,upyeMa na (0,Xo), mo m{h) = sup{h'{x) x/{h{x) — 1) : < x < Xq}. 

^OKASATEJIbCTBO. IlpH HCKOTopoM 7 G M (|)yHKij,H3 /(x) = (1 — h{x))x~^ yGbiBacT 
H HeoTpHii;aTejiBHa na (0, +00). HosTOMy, ecjiH /(xq) = npn neKoxopoM xq > 0, to 
/(x) = npH Bcex x > Xq. YTBepac^eHHe 1 ^OKasano. 

^OKaJKCM yxBepjK^eHHe 2. HycTb m{h) = —00. Tor^a npn Bcex 7 G M (|)yHKii;H5i 
/(x) = (1 — h{x))x~^ yGbiBaex na (0, +00). HosTOMy 4)yHKn;H5i / a, snanHT, h 4)yHKii,Ha 
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h ;];H4)4)epeHii;HpyeML.i npn hohth Bcex x G (0, +00) (oTHOCHxejibHO Mept.i JleGera). B Tex 
TOHKax X G (0, +00), vjxe ;];H(|)(|)epeHii;HpyeMa (|)yHKi],H5i h cjieflyiomee HepaBencTBo Gy^eT 
Bt.inojiH5iTt.c3 npH Bcex 7 G M: 

(4.2) f\x) = -x-^-^ {xh\x) + 7(1 - h{x))) < ^ xh\x) + 7(1 - h{x)) > . 

EcjiH o6e HacTH nocjie^Hero nepaBencTBa paa^ejiHTb na I7I 7^ Oh nepeiiTH k npe^ejiy 
npH 7 —7- —00, TO nojiyHHM nepaBencTBo h{x) > 1 h, ananHT, h{x) = 1 bo Bcex TOHKax 
X G (0, +C)o), r^e ^H(|)(|)epeHii;HpyeMa 4)yHKii;H5i h. Tax xax mho^kcctbo TaxHX tohck Bcio^y 
njioTHo Ha (0, +00), TO ynHTbiBas yTBepjKflenHe 1, nojiynaeM, hto h{x) = 1 na (0, +00). 
Heo6xo^HMocTB B yTBepjK^eHHH 2 flOKaaana. /I,ocTaTOHHocTB oneBH^na. 

JlpKayKeu yTBepac^^enne 3. Ecjih —00 < m{h) < +00, to ohcbh^ho (|)yHKii;H5i (1 — 
h{x'^))x~"', £ > 0, y6t.iBaeT no a; G (0, +00) <^==^ (|)yHKn,H5i (1 — h{x))x~'^^^ y6t.iBaeT no 
a; G (0, +00) ■y/e>'m{h). 

/^oKajKCM yTBepjKfleHHe 4. Ecjih m{h) < 0, to (|)ynKn;Ha l — h{x) yGbmacT na (0, +00). 
HosTOMy < 1 — h{x) < 1 — h{+0) = npn Bce x > 0, hto npoTHBopennT ycjioBHio 
h{x) ^ 1 na (0, +00). 

/loKaJKCM yTBepjKflenne 5. Ecjih npn ncKOTopoM 7 < (|)ynKii,H5i X{x) = {l — h{x))x~'^ 
y6t>iBaeT na (0, +C)o), to cyiu;ecTByeT Konenntin npe^eji A(+oo), no X{xk) +00. Hosto- 
My m{h) > 0. Ecjih (|)ynKn;H5i 1 — h{x) y6t.iBaeT na (0, +C)o), to (|)ynKn;Ha h{x) BoapacTaeT 

H, ananHT, h{x) < h{+oo) = q fl,Jis Bcex x > 0. HoaTOMy, ecjin ^onojinnTCJibno /i(xo) > q 
B ncKOTopoH TOMKe Xq > 0, TO m(/i) > 0. yTBepjK^enne 5 ^OKaaano. 

JIpKayKeu yTBepac^^enne 6. HycTb npn ncKOTopoM 7 G M cJ)ynKn,Ha f{x) = (1 — 
h{x))x~^ yGbiBacT na (0, +00). Hs ycjioBna BbiTCKacT, hto npn nexoTopoM xq > nepa- 
BencTBO (14. 2 p BbinojinacTca npn Bcex x G (0,Xo). HepaBencTBO (14. 2 p j\ejmM na x > n 
nepexo;i,HM k npe;];ejiy npn x — )■ +0. HojiynnM nepaBencTBo /;,'(0)(1 — 7) > 0. Tax xax 
/i'(0) 7^ 0, TO /i'(0) < (nnane h{x) > h{0) = 1 npn Majibix x > 0, hto npoTHBopennT 
ycjioBHK)). HosTOMy 7 > 1 H, snanHT, m{h) > 1. YTBep^K^enne 6 ^OKaaano. 

^oKajKCM yTBepjKfleHHe 7. HycTt 4)yHKn;H5i h BbinyKjia Bnna na (0, +cxd). Tor^a cnpa- 
Be^jiHBo nepaBencTBo 

(4.3) ^^^'^ - ^^^'^ < ^^^'^ - ^^^^^ < ^^^'^ - ^^^^^ , <x, <x, <X3 . 

X2 - Xi X3 - Xi X3 - X2 

TaK KaK 4)yHKii;H3 h orpannHena CBepxy, to hs nepaBencTBa (14. 3 p BbiTCKacT, hto (|)ynK- 
n;H3 h yGbiBaeT na (0, +00) n, snannT, cymecTByeT KoneinbiH npe^eji h{+0) < 1. Ec- 
jih B nepaBCHCTBe (14. ip nepeiiTH k npe^ejiy npn Xi — )■ +0, to nojiynnM, hto (|)ynKn,H5i 
{h{+0) — h{x))/x y6t.iBaeT na (0, +00). Cjie;];oBaTejibno yGbmacT na (0, +00) n (|)ynKn;HH 
(1 — h{x))/x. HosTOMy mlh) < 1. Ecjih m{h) < 0, to (|)ynKn;Ha 1 — h{x) yGbmacT na 
(0, +00), T.e. h{x) BospacTacT n, snaiHT, h{x) = const na (0, +00), hto npoTHBopennT 
ycjroBHK). HosTOMy m{h) > 0. YTBepac^enHe 7 flOKaaano. 

JJpKayKeM yTBcpjK^enne 8. Hpn JI1060M 7 G M 4)ynKn;H5i /(x) = (1 — h{x))x~^ neoT- 
pimaTCJibna na (0, +00) n /(x) = npn x > Xq (ecjin xq < +00). HosTOMy cJ)ynKn;H5i / 
y6t>iBaeT na (0, +00) <^==^ / yGtmaeT na (0,xo) <^==^ npn Bcex x G (0, xq) BbinojinaeTca 
nepaBencTBO (14.2p 7 > sup{h' (x) x / {h{x) — 1) : < x < Xq}. yTBep>K;],enHe 8 

flOKaaano. JIcMMa 112] nojinocTbio ;i,oKa3ana. 

4.2 KjiaCCM Mm H CBOiiCTBa BejIHHHHt.1 ^rn{p,h) 

Teopema 4.1. Uycm-b m G N. Tozda CAedyjoui^ue mpu ycAoeusi aKeueaJienmHu: 

I. he C""-^(0, +00) u ^yHK%uu {-l)''h^''\ k = 0,l,... ,m — l, Heompwu^ameAhHU, y6u- 
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eamm u eunyKAU enus na (0, +00). 

Heompuv^ameAbHa, y6ueaem, eunyKAa 
6HU3 Ha (0, +00) u cymecmeyem KOHeuHuu npedeA h{+oo) > 0. 

3. Cymecmeyem Heompwu^ameAhnasi 6opeAeecKasi juepa fi na [0,+oo), Oasi Komopou ee- 
AUHuna /i([0, a]) KOHeuna Bar ecex a > u 



(4.4) h{x) = / (1 - xs)"]^ dfi{s) , x>0 



H3 npejcTaBjieHHg cjienyex. hto h{+oo) = /i({0}) h h{+0) = fi{[0, +00)). OyHK- 
n;HH, y^noBjieTBopaiomHe ycjioBHio 1 b xeopeMe I4.H HaatiBaioTca KpaxHo mohotohhbimh. 
OopMyjiy fl4.4|) ^jia KpaxHO mohotohhbix (|)yHKn;HH b 1940 r. nojiynnji Schoenberg. JI[o- 
KaaaxejiBCTBo TeopeMbi 14.11 mojkho naiiTH b pa6oTe Williamson [52] (cm. xaKJKe pa6oTy 
Levy [53j). 

B onpejejieHHH [XT] Kjiacc (|)yHKii;HH, y;];oBjieTBop5iioin;HX ycjioBHio 2 b xeopeMe 14.11 mbi 
o6o3HaHHjiH Hepes M^, m G N. Hs xeopeMbi 14. H BbixexaeT, hto M^+i C M^. OxMeTHM 
cjie^yiomHe j^Ba CBoflcxBa (cm. |2i2J): 1) Ecjih f,g & M^, to r fg E M^. 2) Ecjih / G 
Mm, TO lim x^f^'^^x) = npH /c = 1, . . . ,m (y BbinyKjiofl 4)yHKn;HH f^"^~^\x) 
BO Bcex TOHKax cymecTByioT o^HocTopoHHHe npoH3BOflHBie, KOToptie coBna^aioT hohth 
Bciofly). 

BBefleM cjie^yromne 4)yHKii;HH 
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Hs XeopCMBI 14. II BBITCKaeT. HTO ipm G OhCBH^^HO (prn G C""^"'^[0, +Oo) H 

(4.5) ^m(x) = i^ii^^, x > 0; = i-^)'-'ik-iy. > 1, A; G N. 

a; x'* 

HosTOMy J11060H HeoTpHii;aTejibHOH kohchhoh GopejicBCKofl Mcpbi na [0, +00) 

+00 

(4.6) f{x) := / ^m(xs)srf/i(s) G M^ . 



CjlEflCTBHE 4.1. i?cyiu h G M^+i nptf HeKomopoM m E N u cymecmeyem kohcuhuu 
npedcA /t(+0) < 1, mo \{x) = (1 — h{x))/x G Mk npu ecex k = 1, ... ,171. 

^OKA3ATEJlbCTBO. JI,Jis 4)yHKn;HH h HMecT mccto npe;];cTaBjieHHe (14. 4p (c saMCHofl 
m Ha m + 1). B nameM cjiynae Mepa /i hs SToro npe;i,CTaBjieHHa KOHenna h h{+0) = 
/i([0, +00)). YHHTBiBasi (14. 6p . nojiynaeM, hto 

+00 

^, , l-/i(+0) /i(+0)-/i(x) l-/i(+0) /• , , 

A(x) = ^ + — — = ^ — - + / yD^(xs)sdfi(s) G Mm . 

X X X J 



Ocxajioct. ynecTb, hto Mm C M^ npn Bcex k = 1, . . . , m. 
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3AMEHAHHE 4.1. OneEHflHo f e M ■= rimGN ^rn ^^=^ / G C°°(0, +oo) H HepaBeHCTBO 
BbinojiHHeTCH p,Jiz Bcex A; G h x > 0. TaKHe 4)yHKii;HH HasbiBaiOTca 
BnojiHe MOHOTOHHL.IMH Ha (0, +oo). TeopcMa BepHmTeHHa-Xayc;];op4)a-yH^epa |54 [ [55 ] 
[35] yTBep>K;];aeT, hto 4)yHKn;H3 / Bnojine MOHOTOHHa na (0, +cxd) (/ G M) <^=^ /(x) = 
Jg^°° e~^* dfi{t), X > 0, rflfi HeoTpHn;aTejibHaa 6opejieBCKaa Mepa na [0, +oo) xaxaa, 
HTO HHxerpaji cxo^htch ^jih Bcex x > 0. Hs cjie^cxBHJi 14.1! BbixeKaex, hto (|)yHKij,H3 
A(x) = (1 — h{x))/x G M ^jiH JI1060H c|)yHKn;HH /i G M c ycjioBHCM /i(+0) < 1. 

B cjie^yromeii jicmmc ycxanoBjieHBi cBoiicxBa BejiHHHHbi 7m(p, /i) h (jDyHKii;HH Ap_^(x) 
(cm. onpejejieHHe 13. 3p . 

JIemma 4.3. EcAu npu neKomopoM m G N (fjyHKu^usi h G M^+i, < h{+0) < 1 u 
h{+oo) = 0, mo cnpaeedAueu CAedywui^ue ymeepotcdeHun: 

1. EcAU npu HeKomopux p > 1, 7 G M (fjyHKV^UH (— l)™~-'^Ap'^ eunyKAa enus na 
(0, +00), mo (— l)''"~^Ap'^ Heompu-u,ameA-bHa u y6ueaem k nyAW na (0, +00) u, sna- 
Hum, (fiyuKvi^usi \p^^{x) G Mm- 

2. EcAu p > I, mo < 7m(P5 h) < +00. 

3. EcAU p > I, mo (— l)™~^Ap'^ ""^^(x) eunyKAa enus na (0, +00) <^=^ Ap^^(x) G Mm 

7 < lm{p,h). 

4. 0yHKV^ufi '~fm{p, h) eoapacmaem no p E [1, +00). 

5. EcAU donoAHumcAhHO h G Mm+2, fno 7m+i(p, /?.) < 7m(p, ^) ecex p > 1. 

^OKASATEJIbCTBO. Hs cjiejcxBHg 14.1! BBixexaex. hto o6e (|)yHKLi;HH (1 — h{x))/x h 
/i(x) npHHafljie>Kax Kjiaccy Mm- Tax xax G Mm npn Bcex e > 0, xo o6e (|)yHKn;HH 
/(x) = (1— /i(x))/x^ H (^(x) = h{x)/x^~^ npHHa^jiejKax Kjiaccy Mm npn Bcex p > 1. Oxcio- 
fla cjie^yex, hxo ""fmip, h) > 0. Hs cbohcxb (|)yHKn;HH h3 Btixexaex, hxo /W(+oo) =0 
H g^''\+oo) = npH Bcex k = l,...,m, a ecjiH h(+oo) = 0, xo h npn k = 0. Ho- 
3XOMy npH jiioGbix p > 1 H 7 G M. Oxcio;];a cjiepjeT yxBepiKfleHHe 1. 

PaBeHcxBo '-fm{p,h) = +00 He bosmojkho, h6o b npoxHBHOM cjiynae c|)yHKn;Ha h{x)/x^~^ 
Gyflex oflHOBpeMeHHo BBinyKjiofl bhhs h BBepx na (0, +00), hxo npoxKBopennx ycjioBHHM 
h{+oo) = R h{+0) > 0. YxBepjK^eHHe 3 Bbixexaex h3 nepBoro. YxBepjK^^eHHe 4 Bbixexa- 
ex H3 xoro, hto npoH3Be;],eHHe ^Byx (|)yHKii;HH h3 Mm xaxace aBjiaexca (|)yHKn;HeH h3 Mm- 
YxBepac^eHHe 5 Bbixexaex h3 BjiojKeHHii Mm+2 C M^+i C Mm- JleMMa [173] iioKa3aHa. 

5 ^OKasaTejibCTBO TeopeM 
5.1 ^OKasaTejifaCTBO TeopeMfai [3TT] 

Ph^ Oypbe ^jia a^pa K E Li (cm. 01. 8p ) b nameM cjiynae HMeex bh^ 
,5 1, ^ V (1 - ^ 2(1 - M*.°^)) / ^ _ ^ 



1) EcjiH /3 = 2p + 1, p G Z, xo 



(5.2) i-iy K{t) ~ 5^ ^f^"*^^^ sin H = ^ Afc sin H . 

k=l k=l 

K 4)yHKn;HH A(x) npHMenaeM jicMMy [4711 npn tk = k"6 (nocjieflOBaxejiBHocxb h{\k\°'6), 
KaK K034)4)Hn;HeHxt.i Oypbe HHxerpnpyeMOH 4)yHKn;HH Qa^s, cxpcMHXCH k nyjiro). Tax KaK 
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a G (0,1], TO npH r > a (|)yHKii;HH f{x) = 26X{x°'6)x°'~'^ yGbmaex k nyjiio h BbinyKjia 
BHH3 Ha (0,+oo). HosTOMy nocjie;];oBaTejibHocTb = f{k), /c G N, mohotohho yGbieaeT 
K Hyjiio H BbinyKjia bhh3. B cHJiy npHMepa 12.21 (i) paBencxBo (12. 6p cnpaBe;];jiHBo npn Bcex 
n G N. HepBoe yxBepac^^eHHe b xeopeMe 13 . 1 1 joKasaHO . 
2) EcjiH l3 = 2p,peZ, TO 

(5.3) {-lyKit) ~ Yl ^^^"fei^"'^^^ cos kt = f2fik cos kt . 

k=l k=l 

TaK KaK a G (0, 1], to npn r > a + 1 nocjie^oBaTejiBHOCTb kfi^ = f{k), G N, r^e f{x) = 
25A(x"5)x""'"^~^, MOHOTOHHO y6t.iBaeT k nyjiio h Bbmyxjia bhhs. B cHjiy npHMepa 12.31 (iii) 
paBencTBO (I2.12p CHpaBe;i,jiHBO npn n = 1. 

HycTb ^onojiHHTejiBHo X{x) G C^(0, +oo) h (|)yHKn;Ha —X'{x) BbmyKjia bhhs na HHTep- 
Bajie (0, +oo). TaK k&k a G (0, 1], to npn r > a Hocjie;];oBaTejiBHocTb /x^ = /(/c), /c G N, 
yGbiBaeT k nyjiio h BbinyKjia bhhs, rfl^e f{x) = 26X{x°'6)x°'~'^ h 4)yHKn,Ha —f'{x) Bbmyxjia 
BHHS Ha (0, +oo) (cm. jieMMyED. HosTOMy A^fc = J^^\2f'{x+l)-f'{x)-f'{x+2)) dx > 
fljia Bcex A; G N. B cHjiy npHMepa 12. 31 (i) paBencTBo (I2.12p cHpaBefljiHBo npn Bcex n G N. 
TeopeMa 13.11 floxasana. 



5.2 ^OKasaTejibCTBO TeopeMbi 13.21 

HepaBCHCTBa m{h) > h m(/i) > 0, ecjiH h{xo) > npn nexoTopoM xq > 0, BbiTexaioT hs 
yTBepjKfleHH3 5 b jieMMe Hl2] HpH Xk = k'^S, A; G N, h g = (nocjie^^oBaTejibHocTb h{\k\°'6), 
KaK K03(|)(|)HH;HeHTL.i Oypbe HHTerpHpyeMoft 4)yHKH;HH Qc^s, CTpeMHTca k nyjiio). 

1) HycTb /3 = 2p+l, pGZHr> am{h) + 1. B 3tom cjiynae fljis sflpa K & Li 
HMeeT MecTo (15. 2p . r^e > h Hocjie^oBaTejiBHocTt. kXk yGtmaeT (cm. yTBep^K^enne 3 
B jicMMc Hl2|) . B cHjiy npHMepa 12.21 (ii) paBCHCTBo (12. 6 p cHpaBe^jiHBo npn n = 1. 

2) HycTb P = 2p, p ^ Z m r > am{h) + 2. B stom cjiynae ^jia H^pa K & Li 
HMccT MccTo (15. 3p . T^c /ifc > H Hocjie^oBaTcjiBHocTB /c^/ifc yGtiBacT (cm. yTBepJK^CHHe 
3 B jicMMC 14. 2p . B CHjiy npHMepa 12.31 (ii) paBCHCTBO f l2.12p cnpaBe^jiHBO npn n = 1. 
TeopeMa 13.21 flOKasana. 

5.3 ^OKasaTejifaCTBO TeopeMbi 13.31 

Pafl Oypbe ^Jia a^pa K E Li (cm. (II. 8p ) b nameM cjiynae hmcct bh^i; 



(5.4) 



, >^ 2(1 - (1 + r(57)/i(r5)) / /37r\ 
K{t) ~ 5^ ^ ^ fe. cos [kt - ^ j 



1) EcjiH /3 = 2p + 1, p G Z, TO 

, . , , , >^ 2(1 - (1 + fc°57)/i(fc"(5)) , 

(5.5) {-lYK{t) ~ V ^ i.r sin = V Afc sin kt . 

k=l k=l 

S^ect. Afc = f{k), k E N, rj^e f{x) = 26^Xp^^{x°'6)x°'P~^ , a; > 0, a 4)yHKn;HH Ap^^(x) 
onpe^ejiena paBencTBOM (13. 3p . Ecjih a G (0, 1] h r > ap, to (|)yHKn;H5i f{x) yGtmaeT k 
nyjiio H BbinyKjia bhhs na (0, +oo). HoBTOMy nocjie^oBaTejibnocTb A^ = f{k), /c G N, 
MOHOTOHHO yGtiBacT K Hyjiio H BbinyKjia bhhs. B cnjiy npHMepa 12.21 (i) paBencTBO (12. 6 P 
cnpaBe^jiHBO npn Bcex n G N. Ecjih a > lHr>ap+l, to (|)yHKH,H5i xf{x) yGbmacT k 
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Hyjiio Ha (0, +00). HosTOMy nocjie;i,oBaTejibHocTb = kf{k), k & N, mohotohho yGbmaeT 
K HyjiK). B cHJiy npHMepa 12.21 (ii) paBencTBo (I2.6p cnpaBefljiHBo npn n = 1. HepBoe 
yxBepjKfleHHe b xeopeMe 13.31 joKasaHo. 
2) EcjiH l3 = 2p,peZ, TO 

(5.6) {-iyK{t) ~ 2^ ^ ^ ^ ^ COS kt = 2_^fik COS kt . 

IXi 

k=l k=l 

Sflecb /ifc = f{k), k E N, r^e, xax h b nepBOM cjiynae, /(x) = 26''\p^^{x"'6)x"'P~'^ , x > 0. 
EcjiH a G (0, 1] H r > ap+ 1, to (|)yHKn;H5i xf{x), mohotohho yGbmaeT k nyjiio h BtmyKjia 
BHH3. riosTOMy Hocjie^oBaTejibHocTB kfik, A; G N, mohotohho yGbiBacT k nyjiio h BbmyKjia 
BHH3. B cHjiy npHMepa 12.31 (iii) paBencTBo fl2.12p cHpaBe^jiHBo npn n = 1. Ecjih a > 1 
H r > ap + 2, TO 4)yHKn;H5i mohotohho yGbmacT k nyjiio. HoBTOMy nocjie^oBa- 

TejiBHocTb /c^/ifc, /c G N, mohotohho y6t.iBaeT h HeoTpHn;aTejiBHa. B cHjiy npHMepa 12.31 (ii) 
paBencTBO ( I2.12p CHpaBeflJiHBO npn n = 1. 

Ecjih a G (0, 1] h r > ap, to cJ)yHKn;H5i f{x) = 26''Xp^^{x°'6)x'^^~'^ yGbmacT k nyjiio 
H BbmyKjia bhhs na (0, +oo) (cm. jicMMy W7L\i . HosTOMy HocjieflOBaTejibHocTb fik = f{k), 
/c G N, MOHOTOHHO yGbiBacT K Hyjiio H BbiHyKjia BHH3. Ecjih ^OHOJiHHTejibHO h G M3 h 
7 < 72(p, ^), TO 4)yHKn;H3 — A|^^(x) BtmyKjia bhhs na (0, +00) h, snaHHT, 4)yHKn;HH —f'{x) 

BtmyKjia bhhs na (0, +00) (cm. jieMMy l^?T!l . HosTOMy A^/i^ = j^^^(2f'{x + 1) — f'{x) — 
f'{x + 2))dx > ^Jia Bcex /c G N. B CHjiy npHMepa 12.31 (i) paBCHCTBO fl2.12p cnpaBc^jiHBO 
npH Bcex n G N. TeopcMa 13.31 joKasana. 

5.4 ^OKasaTejibCTBO xeopeMti 13.41 

cI?yHKn,H3 f{x) := (1 + 'j\t\°'6)h{\t\"'6) aBjiHCTCH HOJiojKHTCjibHO OHpe;];ejieHHOH H HCHpe- 
pbiBHOH Ha R. Mbi paccMaTpHBacM cjiynafl (15. 5p . rj^e Xk = 2{l — i'k)/k, A; G N, h = f{k), 
k G Z+. B CHjiy jicMMbi [2]2] H npHMepa 12.21 (iii) paBCHCTBO (12. lip CHpaBe;];jiHBO npn n = 1, 
r = lHr>2. B cjiynae (15. 6p . rjxe pk = 2(1 — i'k)/k, k E N, m = f{k), A; G Z4. hs 
npHMepa 12. 31 (iv) nojiynacM, hto paBencTBO (I2.15P cnpaBe;i,jiHBO npn n = l,r = 2Hr>3. 
TeopcMa 13.41 ^oxasana. 
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